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Abstract
We establish new instances of the equivariant BSD-conjecture in rank 0 which we apply
to probe the arithmetic of rational elliptic curves over quintic fields. The proof relies
on the comparison of two rigid analytic functions: the automorphic p-adic L-function
retaining information about special L-values, and the motivic p-adic L-function arising
from cycles on Shimura threefolds. The construction of the latter function is of indepen-
dent interest as it could be applied to other settings related to the Gan-Gross-Prasad
conjecture.
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1. Introduction
The most general result towards the BSD-conjecture was established by Shouwu Zhang and his
school [Zha01] as a major generalization of the methods of Gross-Zagier [GZ86] and Kolyvagin
[Kol88]. The result states that if E/F is a modular elliptic curve over a totally real field F such
that either E/F has at least one prime of multiplicative reduction or [F : Q] is odd, then
ran(E/F ) ∈ {0, 1} =⇒ ran(E/F ) = ralg(E/F ).
It is important not to forget that the modularity of E/F is currently the only known way to access
the analytic properties of the L-function L(E/F, s). Because of this, it becomes natural to expect
that cycles on Shimura varieties will play a role in any strategy to establish the BSD-conjecture.
The three pillars of Gross-Zagier and Kolyvagin’s approach are: (i) the existence of a non-
constant map X/F → E/F from a Shimura curve to the elliptic curve, (ii) the existence of CM
points on X/F with their significance for Selmer groups, and (iii) formulas for the derivative of
certain base-change L-functions of E/F in terms of the height of images of CM points, called
Heegner points. These three items are at the same time the strengths and the limitations of the
most effective strategy developed so far to prove instances of the BSD-conjecture. Firstly, the
strong form of geometric modularity in (i) can only be realized for certain elliptic curves over
totally real fields, hence the first pillar topples down right away when considering elliptic curves
defined over general number fields. However, a lot can be proved using congruences for general
rank zero elliptic curves over totally real fields, as it was shown by Longo [Lon06] and Nekovar
[Nek12]. Secondly, suppose one fixed an elliptic curve over a totally real field F and took a finite
extension K/F ; what could be said about the BSD-conjecture for E/K? In this case, even though
a modular parametrization could still be available, one would lack a systematic way to produce
points over extensions of a general K. Indeed, Heegner points are defined over certain dihedral
extensions of F , and therefore miss all non-solvable extensions. Finally, what if one contented
themselves with tackling the BSD-conjecture over totally real fields? In this case all the pillars
could still be standing, but (ii) and (iii) would have nothing to say about higher rank situations.
The striking feature of CM points is their explicit relation to first derivative of L-functions; thus,
as soon as the rank is greater than or equal to two, they become torsion.
2
Hirzebruch-Zagier classes and rational elliptic curves over quintic fields
In recent years the p-adic approach to the BSD-conjecture of Coates and Wiles [CW77] has
been revitalized by Bertolini, Darmon and Rotger ([BDR15], [DR17]). In their works the focus
is to explore the arithmetic of rational elliptic curves over field extensions that are not contained
in ring class fields of quadratic imaginary fields. The present paper is part of this new line of
inquiry and studies the arithmetic of rational elliptic curves over non-solvable quintic fields.
1.0.1 The equivariant BSD-conjecture. Let F be a totally real field and K/F a finite Galois
extension. For any elliptic curve E/F , the Galois group G(K/F ) naturally acts on the C-vector
space E(K) ⊗ C generated by the group of K-rational points. Since complex representations of
finite groups are semisimple, the representation E(K) ⊗ C decomposes into a direct sum of ̺-
isotypic components E(K)̺ = HomG(K/F )(̺,E(K)⊗C), indexed by irreducible representations
̺ ∈ Irr(G(K/F )), each with its multiplicity. It is natural to define the algebraic rank of E with
respect to some ̺ as
ralg(E, ̺) := dimCE(K)
̺.
On the analytic side, for any ̺ ∈ Irr(G(K/F )) one can define a twisted L-function L(E, ̺, s) as
the L-function associated to the Galois representation ̺ ⊗ Vp(E) of the absolute Galois group
of F . If L(E, ̺, s) admitted meromorphic continuation to the whole complex plane, then the
analytic rank of E with respect to some ̺ could be defined as
ran(E, ̺) := ords=1L(E, ̺, s).
The Artin formalism of L-functions can be used to show that the BSD-conjecture for an elliptic
curve E/F base-changed to K should be equivalent to the equality of ranks
ran(E, ̺)
?
= ralg(E, ̺) for all ̺ ∈ Irr
(
G(K/F )
)
.
The advantage of this point of view resides in the fact that it splits the BSD-conjecture into more
manageable pieces. Specifically, when the considered representation ̺ arises from an automorphic
form, the right framework to be explored becomes apparent. For example, Bertolini, Darmon and
Rotger [BDR15] proved new instances of the conjecture in rank 0 for rational elliptic curves in
the case of ̺ an odd, irreducible two dimensional Artin representation. By modularity, both ̺
and E/Q correspond to some automorphic representation of GL2,Q, thus it should not come as a
total surprise that the main theorem of [BDR15] is obtained by a careful analysis of elements of
higher Chow groups of a product of modular curves. Another noteworthy result was obtained by
Darmon and Rotger [DR17] when ̺ is the tensor product of two odd, irreducible two dimensional
Artin representations. In this case, generalized Kato classes – constructed from diagonal cycles
on triple products of modular curves – are used to establish the first cases of the BSD-conjecture
in rank 0 for rational elliptic curves over A5-quintic extensions of Q.
Bhargava [Bha10] showed that 100% of quintic fields have Galois group isomorphic to S5. To
access some of these quintic fields, in this paper we are interested in the case of ̺ the tensor
induction of a totally odd, irreducible two dimensional Artin representation of the absolute Galois
group of a real quadratic field. We prove new instances of the equivariant BSD-conjecture in rank
0 by analyzing Hirzebruch-Zagier cycles on Shimura threefolds obtained as a product of a Hilbert
modular surface and a modular curve.
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1.1 Main results
Let L be a real quadratic field and ̺ : ΓL → GL2(C) a totally odd, irreducible two-dimensional
Artin representation of the absolute Galois group of L. The Asai representation
As(̺) = ⊗-IndQL(̺)
is a 4-dimensional complex representation obtained as the tensor induction of ̺ from ΓL to ΓQ.
We suppose that ̺ has conductor Q and that the tensor induction of the determinant det(̺) is
the trivial character so that As(̺) is self-dual. For any rational elliptic curve E/Q of conductor
N prime to Q, we are interested in understanding when
ran(E,As(̺))
?
= ralg(E,As(̺)).
We rely on the modularity of totally odd Artin representations and rational elliptic curves
([Wil95],[TW95], [PS16]) to establish the meromorphic continuation, functional equation and
analyticity at the center of the twisted triple product L-function L
(
E,As(̺), s
)
.
Theorem A. Suppose N is coprime to Q and split in L. If there is an ordinary prime p for E/Q
such that
• p splits in L with narrowly principal factors;
• there is no totally positive unit in L congruent to −1 modulo p;
• the eigenvalues of Frp on As(̺) are all distinct modulo p;
• As(̺) is residually absolutely irreducible and p does not divide the order of its image;
then
ran
(
E,As(̺)
)
= 0 =⇒ ralg
(
E,As(̺)
)
= 0.
We apply Theorem A to the Artin representations constructed in [For19]. The outcome is a
result concerning the arithmetic of rational elliptic curves over S5-quintic fields.
Theorem B. Let K/Q be a non-totally real S5-quintic extension whose Galois closure contains
a real quadratic field L. If N is odd, unramified in K/Q and split in L, then
ran(E/K) = ran(E/Q) =⇒ ralg(E/K) = ralg(E/Q).
These results are proved by leveraging the non-vanishing of a special L-value to show that
a Mordell-Weil group is trivial. The strategy consists in producing enough global cohomology
classes functioning as annihilators, and whose non-triviality is controlled by a special L-value. As
one expects cycles on Shimura varieties to play a prominent role in any plan to establish cases of
the BSD-conjecture, the e´tale Abel-Jacobi map becomes a pivotal tool to convert null-homologous
cycle classes into Selmer classes. However, the representation
V̺,E := As(̺)⊗V℘(E)
is not known to appear in the e´tale cohomology of a Shimura variety and even if it was, we are
looking for annihilators of Mordell-Weil groups, not Selmer classes. To our rescue comes the idea
of p-adic deformation: we realize V̺,E as the p-adic limit of Galois representations appearing in
the e´tale cohomology of Shimura threefolds, and we obtain the annihilators as limits of Abel-
Jacobi images of Hirzebruch-Zagier cycles that need not remain Selmer at p. These annihilators
are linked to a special L-value through a comparison of two p-adic L-functions: the automorphic
p-adic L-function retaining information about special L-values, and the motivic p-adic L-function
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arising from cycles on Shimura threefolds. The construction of the latter is of independent interest
because, lacking a suitable control theorem for the e´tale cohomology of Hilbert modular surfaces
and Ohta’s isomorphism [Oht95], we exploit the analytic properties of the automorphic p-adic
L-function to meromorphically continue the motivic one. We expect that this approach could be
applied to other settings related to the Gan-Gross-Prasad conjecture.
In the remaining of the introduction we present in more detail the main steps of the proof.
1.2 Overview of the proof
Let g̺ be the Hilbert cuspform of parallel weight one associated to the Artin representation
̺ : ΓL → GL2(C), and let fE be the elliptic cuspform associated to E/Q. After choosing a
rational prime p and ordinary p-stabilizations g(p)̺ , f
(p)
E , one can find Hida families G ,F passing
through them. These families are equipped with big Galois representations of the absolute Galois
group of Q, As(VG ) of rank 4 and VF of rank 2, each interpolating the representations of the
eigenforms in the families. Specifically, there are arithmetic points P◦ ∈ WG , Q◦ ∈ WF such
that
As(VGP◦ )
∼= As(̺) and VFQ◦ ∼= V℘(E).
One can show that there exists a twist V†
G ,F of
VG ,F = As(VG )(−1) ⊗VF
interpolating Kummer self-dual representations: for any pair of arithmetic points P ∈ WG and
Q ∈WF the specialization
V
†
GP,FQ
=
(
As(VGP)(−1)⊗VFQ
)†
is the Kummer self-dual twist of the 8-dimensional Galois representation attached to GP and
FQ. In particular, the specialization at the arithmetic points P◦ ∈WG , Q◦ ∈WF is
V
†
GP◦ ,FQ◦
= V̺,E.
When the pair (P,Q) is Q-dominated ([BCF19], Definition 1.3), Ichino’s formula ([Ich08]) gives
an expression for the central L-value
L
(
V
†
GP,FQ
, c
)
which is suitable for p-adic interpolation. It is then possible to construct a rigid meromorphic
function Lp(G˘ ,F ) : WG ,F → Cp whose values at crystalline Q-dominated pairs satisfy
Lp(G˘ ,F )(P,Q)
·∼ Lalg
(
V
†
GP,FQ
, c
)
,
and whose values at certain crystalline points outside the range of interpolation are related to
the syntomic Abel-Jacobi image of generalized Hirzebruch-Zagier cycles.
In the present work we focus our attention on the one-variable Hida family G interpolating
parallel weight Hilbert cuspforms. By restricting the number of variables we are able to refine
the construction of Lp(G˘ ,F ) and obtain a rigid analytic function on the disk WG = Spf(IG )
rig,
the automorphic p-adic L-function
L
aut
p (G˘ , fE) : WG −→ Cp,
whose value at the arithmetic point P◦ of weight one is equal, up to a non-zero constant, to
L
aut
p (G˘ , fE)(P◦)
·∼ Lalg(E,As(̺), 1).
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Furthermore, its value at any arithmetic point P ∈WG of weight 2 is explicitly given in terms of
p-adic cuspforms. In other words, we construct a rigid analytic function containing the informa-
tion about the vanishing or non-vanishing of an automorphic L-value at P◦ ∈ WG , and whose
values at every arithmetic points of weight 2 have the potential of being related to syntomic
Abel-Jacobi images of algebraic cycles.
1.2.1 Hirzebruch-Zagier classes. When working with the one-variable ordinary Hida family
G and the single form fE, the big Galois representation takes a simpler form: there is a I
×
G
-valued
character such that
V
†
G ,E = As(VG )
†(−1)⊗Vp(E).
The explicit realization of this Galois representation in the cohomology of a tower of threefolds
with increasing level at p plays a crucial role in the construction of the sought-after annihilators.
Suppose p is a rational prime splitting in the real quadratic field L, and write pOL = p1p2.
Definition 1.1. For any α > 1 and any compact open K ⊆ GL2(AL,f) hyperspecial at p, we set
K⋄,t(p
α) :=
{(
a b
c d
)
∈ K0(pα)
∣∣∣ ap1dp1 ≡ ap2dp2 , dp1dp2 ≡ 1 (mod pα)}
and denote by S(K⋄,t(p
α)) the corresponding Hilbert modular surface.
The reason for considering these unusual level structures is that for any arithmetic point
P ∈WG of weight 2 and level pα the interior cohomology admits a Galois equivariant surjection
H2!
(
S(K⋄,t(p
α))Q¯, E℘(2)
)
։ As(VGP).
Inspired by [DR17], for every α > 1 we produce a null-homologous codimension 2 cycle, called
Hirzebruch-Zagier cycle,
∆◦α ∈ CH2
(
Zα(K)
)(
Q(ζpα)
)⊗ Zp
on the Shimura threefold Zα(K) = S(K⋄,t(p
α))×X0(Np). Moreover, the action of Gal(Q(ζpα)/Q)
is such that ∆◦α corresponds to a null-homologous rational cycle class
∆◦α ∈ CH2
(
Z†α(K)
)
(Q)⊗ Zp
on a twisted threefold Z†α(K) with the following appealing property: for every arithmetic point
P ∈WG of weight 2 and level pα there are Galois equivariant surjections
H3!
(
Z†α(K)Q¯, E℘(2)
)
։ As(VGP)
†(−1)⊗Vp(E).
The ordinary parts of the Abel-Jacobi images
AJe´tp (∆
◦
α) ∈ H1
(
Q,H3!
(
Z†α(K)Q¯, O(2)
))
can be made compatible under the degeneracy maps ̟2 : Z
†
α+1(K) → Z†α(K) and packaged
together to form a global big cohomology class
κG ,E ∈ H1
(
Q,VG ,E
)
.
This class retains information about the Abel-Jacobi image of algebraic cycles at arithmetic
points of weight two and it can be specialized at the arithmetic point P◦ ∈WG of weight one
κG ,E(P◦) ∈ H1
(
Q,V̺,E
)
,
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mirroring what happens when considering the automorphic p-adic L-function. In order to make
apparent the relationship between κG ,E and the automorphic p-adic L-function, we use Perrin-
Riou’s machinery to fabricate the motivic p-adic L-function.
1.2.2 The motivic p-adic L-function. This construction is naturally divided in two steps.
First, the localization at p of the big cohomology class can be projected to a Galois cohomology
group
κp := Im(κG ,E) ∈ H1
(
Qp,U
E
G (Θ)
)
valued in a subquotient UE
G
(Θ) of the Galois module VG ,E on which ΓQp acts through characters.
Perrin-Riou’s big logarithm ([KLZ17], Theorem 8.2.3) valued in the big Dieudonne´ moduleD(UE
G
)
gives an element
L(κp) ∈ D
(
U
E
G
)
interpolating the Bloch-Kato logarithm of the specialization of the class at arithmetic points of
weight > 2, and the Bloch-Kato dual exponential at the arithmetic point P◦ ∈ WG of weight
one. The second step entails the definition of a linear map〈
, ω
G˘
⊗ η′◦
〉
: D
(
U
E
G
) −→ Π⊗Λ IG
producing functions out of elements of the Dieudonne´ module. As we deal with Hilbert modular
surfaces and Ohta’s isomorphism [Oht95] is not available in that setting, the linear map we
construct only takes values in the ring of Cp-valued functions with domain the subset of arithmetic
points of weight 2 in WG . The motivic p-adic L-function is constructed as
L
mot
p (G˘ , E) :=
〈
L(κp), ωG˘ ⊗ η′◦
〉
.
As the notation suggests, the value at every arithmetic point P ∈WG of weight two
L
mot
p (G˘ , E)(P)
·∼ 〈 logBK(κp(P )), ωG˘P ⊗ η′◦〉dR
is computed by the de Rham pairing between the Bloch-Kato logarithm of the specialization
of the big class and a de Rham class associated to the cuspforms GP and fE . Those quantities
turn out to be values of syntomic Abel-Jacobi images of Hirzebruch-Zagier cycles. Interestingly,
the existence of the automorphic p-adic L-function can be used to meromorphically continue the
motivic p-adic L-function L motp (G˘ , E) to the whole disk WG .
1.2.3 Comparison and consequences. Our automorphic p-adic L-function originates as an
element L autp (G˘ , E) ∈ IG , and there is a natural inclusion
IG →֒ Π⊗Λ IG .
In terms of functions this inclusion corresponds to the restriction of the domain from WG to the
subset of arithmetic points of weight 2. As Hida families are e´tale at arithmetic points of weight
2, an element of Π ⊗Λ IG is zero if and only if all its specializations are zero. Therefore, by
comparing the values at every arithmetic point of weight 2, we show that there exists an element
ζG ,E ∈ IG , never vanishing at arithmetic points of WG , such that
ζG ,E ·L motp (G˘ , E) = L autp (G˘ , E),
the equality taking place in Π⊗Λ IG . It follows that the motivic p-adic L-function extends to a
rigid meromorphic function on WG .
The comparison of the two p-adic L-functions is a bridge between the automorphic and the
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algebro-geometric worlds which can be used to transfer the information about the non-vanishing
of a special L-value into the existence of non-trivial annihilators of the Mordell-Weil group.
Theorem C. Suppose there is an ordinary prime p for E/Q such that
• p splits in L with narrowly principal factors;
• there is no totally positive unit in L congruent to −1 modulo p;
• the eigenvalues of Frp on As(̺) are all distinct modulo p;
• As(̺) is residually absolutely irreducible and p does not divide the order of its image.
If g(p)̺ is any ordinary p-stabilization of g̺, then
L(E,As(̺), 1) 6= 0 ⇐⇒ κG ,E(P◦) ∈ H1
(
Q,V̺,E
)
not Selmer at p.
By assuming that p splits in L and the eigenvalues of Frp on As(̺) are all distinct, the eigen-
form g̺ has four distinct ordinary p-stabilizations. Hence, we obtain four classes by repeatedly
applying Theorem C and we show that their images are linearly independent in the singular
quotient at p. As the self-dual representation As(̺) is four dimensional, these annihilators suffice
to prove that the relevant part of the Mordell-Weil group is trivial.
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2. Review of Hilbert cuspforms
In this section L denotes a totally real number field with ring of integers OL and different dL.
The following algebraic groups play a prominent role in the article
D = ResL/Q
(
Gm,L
)
, G = ResL/Q
(
GL2,L
)
, G∗ = G×D Gm. (1)
We denote by IL the set of field embeddings of L into Q, then there is an identification of
L∞ := L ⊗Q R with RIL . If H denotes the Poincare´ upper half plane, the identity component
G(R)+ of G(R) = GL2(L∞) naturally acts on H
IL . We denote by i =
√−1 ∈ H the square root
of −1 belonging to H and i = (i, ..., i) ∈ HIL .
Definition 2.1. Every element s =
∑
τ sτ · [τ ] of the free group Z[IL] gives a power map
(−)s : L⊗Q Qv −→ Qv, ℓ⊗ c 7→
∏
τ
(
c · τ(ℓ))sτ
for any place v of Q.
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The group ZL(1) is characterized by the following short exact sequence
1 // L×Ôp,×L L×∞,+ // A×L // ZL(1) // 1,
and the p-adic cyclotomic character can be expressed as
εL : ZL(1) −→ Z×p , y 7→ y−tLp |y∞|−1AL (2)
where tL :=
∑
τ∈IL
[τ ] ∈ Z[IL]. Moreover, the canonical isomorphism Z×p ∼= (1 + pZp) × µp−1
induces the factorization
εL = ηL · θL. (3)
2.1 Adelic Hilbert cuspforms
Let K 6 G(Af ) be a compact open subgroup and (k,w) ∈ Z[IL]2 an element satisfying k− 2w =
m·tL, then a holomorphic Hilbert cuspform of weight (k,w) and levelK is a function f : G(A)→ C
that satisfy the following properties:
• f(αxu) = f(x)jk,w(u∞, i)−1 where α ∈ G(Q), u ∈ K · C+∞ for C+∞ the stabilizer of i in
G(R)+, and where the automorphy factor is given by jk,w
(
γ, z
)
= (ad− bc)−w(cz + d)k for
γ =
(
a b
c d
)
∈ G(R), z ∈ HIL ;
• for every finite adelic point x ∈ G(Af ) the well-defined function fx : HIL → C given by
fx(z) = f(xu∞)jk,w(u∞, i) is holomorphic, where for each z ∈ HIL one chooses u∞ ∈ G(R)+
such that u∞i = z.
• for all adelic points x ∈ G(A) and for all additive measures on L\AL we have∫
L\AL
f
((
1 a
0 1
)
x
)
da = 0.
• If the totally real field is the field of rational numbers, L = Q, we need to impose the extra
condition that for all finite adelic point x ∈ G(A∞) the function |Im(z)k2 fx(z)| is uniformly
bounded on H.
The C-vector space of Hilbert cuspforms of weight (k,w) and level K is denoted by Sk,w(K;C).
Let dx be the Tamagawa measure on the quotient [G(A)] := A×LG(Q)\G(A). For any pair f1, f2 ∈
Sk,w(K;C) of cuspforms whose weight satisfies k− 2w = m · tL, their Petersson inner product is
given by
〈f1, f2〉 :=
∫
[G(A)]
f1(x)f2(x) · |det(x)|mALdx. (4)
Definition 2.2. For any OL-ideal N we consider the following compact open subgroups of G(Af )
• V0(N) =
{(
a b
c d
)
∈ G(Ẑ)
∣∣∣∣ c ∈ NÔL},
• V1(N) =
{(
a b
c d
)
∈ V0(N)
∣∣∣∣ d ≡ 1 (mod NÔL)},
• V 1(N) =
{(
a b
c d
)
∈ V0(N)
∣∣∣∣ a ≡ 1 (mod NÔL)},
• V (N) = V1(N) ∩ V 1(N).
When K = V1(N) for some OL-ideal N we will write Sk,w(N;C) instead of Sk,w(K;C).
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2.1.1 Adelic q-expansion. Let cl+L (N) := L
×
+\A×L,f/detV (N) be a narrow class group of L
of cardinality h+L (N), and fix a set of representatives {ai}i ⊂ A×L,f for cl+L (N). Then the adelic
points of G can be written as a disjoint union
G(A) =
h+L (N)∐
i=1
G(Q)
(
a−1i 0
0 1
)
V (N)G(R)+
using strong approximation. Given a Hilbert cuspform f ∈ Sk,w(V (N);C) one can consider the
holomorphic function fi : H
IL → C
fi(z) = y
−w
∞ f
(
ti
(
y∞ x∞
0 1
))
=
∑
ξ∈(aid
−1
L )+
a(ξ, fi)eL(ξz)
where z = x∞ + iy∞, ai = aiOL and eL(ξz) = exp
(
2πi
∑
τ∈IL
τ(ξ)zτ
)
for every index i. The
Fourier expansions of these functions can be packaged together into a single adelic q-expansion
as follows.
Fix a finite idele dL ∈ A×L,f such that dLOL = dL. Let LGal be the Galois closure of L in Q
and write V for the ring of integers or a valuation ring of a finite extension L0 of LGal such that
for every ideal a of OL, for all τ ∈ IL, the ideal aτV is principal. Choose a generator {qτ} ∈ V of
qτV for each prime ideal q of OL and by multiplicativity define {av} ∈ V for each fractional ideal
a of L and each v ∈ Z[IL]. Every idele y in A×L,+ := A×L,fL×∞,+ can be written as y = ξa−1i dLu
for ξ ∈ L×+ and u ∈ detV (N)L×∞,+; the following functions
a(−, f) : A×L,+ −→ C, ap(−, f) : A×L,+ −→ Qp
are defined by
a(y, f) := a(ξ, fi){yw−tL}ξtL−w|ai|AL and ap(y, f) := a(ξ, fi)yw−tLp ξtL−wεL(ai)−1
if y ∈ ÔLL×∞,+ and zero otherwise.
Theorem 2.3. ([Hid91], Theorem 1.1) Consider the additive character of the ideles χL : AL/L→
C× which satisfies χL(x∞) = eL(x∞). Each cuspform f ∈ Sk,w(V (N);C) has an adelic q-expansion
of the form
f
((
y x
0 1
))
= |y|AL
∑
ξ∈L+
a(ξydL, f){(ξydL)tL−w}(ξy∞)w−tLeL(iξy∞)χL(ξx)
for y ∈ A×L,+, x ∈ A×L , where a(−, f) : A×L,+ → C is a function vanishing outside ÔLL×∞,+.
2.1.2 Diagonal restriction. The degree map Z[IL] → Z denoted by ℓ 7→ |ℓ| satisfies |tL| =
[L : Q]. For any positive integer N the natural inclusion ζ : GL2(A) →֒ GL2(AL) defines by
composition a diagonal restriction map
ζ∗ : Sk,w(V (NOL);C)→ S|k|,|w|(V (N);C)
from Hilbert cuspforms over L to elliptic cuspforms.
Lemma 2.4. Let g ∈ Sℓ,x(V (NOL);Q) be a Hilbert cuspform over L, then for y ∈ Ẑ ·R×+ written
as y = ξa−1i u for ξ ∈ Q×+ and u ∈ det(V (N))R×+, we have
ap(y, ζ
∗g) = y|x|−1p ξ
1−|x|εQ(ai)
−1
∑
TrL/Q(η)=ξ
ap(yη, g)(yη)
tL−x
p η
x−tL
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where η ∈ L×+ and yη = ηa−1i dLu.
Proof. A direct computation.
Remark 2.5. When p is unramified in L/Q one sees that yp = (ξu)p, (yη)p = (ηu)p and that the
formula becomes
ap(y, ζ
∗g) = upεQ(ai)
−1
∑
TrL/Q(η)=ξ
ap(yη, g). (5)
2.2 Hecke Theory
Let K 6 G(Af ) be an open compact subgroup satisfying V (N) 6 K 6 V0(N). Suppose V is
the valuation ring corresponding to the fixed embedding ιp : L
Gal →֒ Qp, then we may assume
{ytL−w} = 1 whenever the ideal yOL generated by y is prime to pOL. For every g ∈ G(A), one
can consider the following double coset operator [KgK]. By decomposing the double coset into
a disjoint union
KgK =
∐
i
γiK,
its action on Hilbert cuspforms of level K is given by(
[KgK]f
)
(x) =
∑
i
f(xγi). (6)
Definition 2.6. For every prime ideal q 6 OL and a choice of uniformizer ̟q of OL,q, the Hecke
operators at q acting on Sk,w(K;C) are defined as
T (̟q) = {̟w−tLq }
[
K
(
̟q 0
0 1
)
K
]
.
For every invertible element a ∈ O×L,N = Πq|NO×L,q there a Hecke operator
T (a, 1) =
[
K
(
a 0
0 1
)
K
]
.
For any element z ∈ ZG(Af ) in the center of G(Af ), the associated diamond operator 〈z〉 acts
through the rule (〈z〉f)(x) = f(xz).
It turns out that if the ideal q is coprime to the level N, then T0(̟q) and 〈̟q〉 are independent
of the particular choice of uniformizer ̟q, thus we simply denote them by T (q) and 〈q〉. However,
if q | N, then T0(̟q) does depend on ̟q, and we denote it U0(̟q).
Any y ∈ ÔL ∩ A×L can be written as
y = au
∏
q
̟
e(q)
q for a ∈ O×L,N, u ∈ detV (N).
Write n for the ideal
(∏
q∤N̟
e(q)
q
)OL, then we define the Hecke operators associated to the adele
y by
T (y) = T (a, 1)T (n)
∏
q|N
U(̟
e(q)
q ), and T0(y) = {yw−tL}T (y). (7)
Definition 2.7. A cuspform f ∈ Sk,w(K;C) is said to be an eigenform if it is an eigenvector for
all the Hecke operators T0(y), and it is normalized if a(1, f) = 1.
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For finite ideles b ∈ A×L,f there are other operators V (b) on cuspforms defined by
(V (b)f)(x) = NL/Q(bOL)−1f
(
x
(
b−1 0
0 1
))
. (8)
These operators are right inverses of the U -operators
U(̟q) ◦ V (̟q) = 1. (9)
2.3 Hida families
Let O be a valuation ring in Qp finite flat over Zp and containing ιp(V). For N an OL-ideal prime
to p and compact open subgroups satisfying V1(N) 6 K 6 V0(N) we set K(p
α) = K ∩ V (pα)
and K(p∞) = ∩α>1K(pα). The projective limit of p-adic Hecke algebras
hL(K;O) := lim
←,α
hk,w(K(p
α);O) acts on lim
→,α
Sk,w(K(p
α);O)
through the Hecke operators T(y) = lim←−α T (y)y
w−tL
p and it is independent of the weight (k,w).
Since hL(K;O) is a compact ring, it can be written as a direct sum of algebras
hL(K;O) = h
n.o.
L (K;O)⊕ hssL (K;O)
such that T(̟p) is a unit in h
n.o.
L (K;O) and topologically nilpotent in h
ss
L (K;O). We denote by
en.o. = lim
n→∞
T(̟p)
n!
the idempotent corresponding to the nearly ordinary part hn.o.L (K;O). For any α > 1 we set
ZαL(K) := A
×
L/L
×(AL,f ∩K(pα))L×∞,+ and GαL(K) := ZαL(K)× (OL/pαOL)×. (10)
If we denote the projective limits by
ZL(K) := lim
←,α
ZαL(K), GL(K) := lim←,α
GαL(K), (11)
then GL(K) = ZL(K)×O×L,p and there is a group homomorphism
GL(K)→ hL(K;O)×, (z, a) 7→ 〈z, a〉 := 〈z〉T (a−1, 1) (12)
that endows hL(K;O) with a structure of OJGL(K)K-algebra.
Definition 2.8. Let (k,w) be a weight such that k − 2w = mtL. For any pair of characters
ψ : cl+L (Np
α)→ O× and ψ′ : (OL/pα)× → O×, one defines
Sk,w(K(p
α);ψ,ψ′;O) ⊆ Sk,w(K(pα);O)
to be the submodule of cuspforms satisfying
〈z, a〉f = εL(z)mψ(z)ψ′(a) · f ∀(z, a) ∈ GL(K).
Let cl+L (Np) be the strict ray class group of modulus Np and E
+
Np the closure in O×L,p of the
totally positive units of OL congruent to 1 (mod Np). There is a short exact sequence
1 // E+Np\
(
1 + pOL,p
)
// ZL(K) // cl
+
L (Np)
// 1,
that splits when p is large enough because then the group cl+L (Np) has order prime to p. We
denote the canonical decomposition by
ZL(K)
∼→ E+Np\
(
1 + pOL,p
)× cl+L (Np), z 7→ (ξz, z¯). (13)
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If we set IL = E+Np\
(
1 + pOL,p
)× (1 + pOL,p), then the short exact sequence
1 // IL // GL(K) // Cl
+
L (Np)× (OL/p)× // 1
splits canonically when p is large enough. The group IL is a finitely generated Zp-module of
Zp-rank [L : Q] + 1+ δ, where δ is Leopoldt’s defect for L. Let W be the torsion-free part of IL
and denote by ΛL = OJWK the associated completed group ring.
Theorem 2.9. ([Hid89b], Theorem 2.4) The nearly ordinary Hecke algebra hn.o.L (K;O) is finite
and torsion-free over ΛL.
The completed group ring OJGL(N)K naturally decomposes as the direct sum
⊕
χΛL,χ rang-
ing over all the characters of the torsion subgroup GL(N)tor = IL,tor × cl+L (Np) × (OL/p)×. It
induces a decomposition of the nearly ordinary Hecke algebra hn.o.L (K;O) =
⊕
χ h
n.o.
L (K;O)χ.
Definition 2.10. Let χ : GL(K)tor → O× be a character. For any ΛL,χ-algebra I, the space of
nearly ordinary I-adic cuspforms of tame level K and character χ is
S¯n.o.L (K,χ; I) := HomΛχ-mod
(
hn.o.L (K(p
∞);O)χ, I
)
.
When an I-adic cuspforms is also a Λχ-algebra homomorphism, we call it a Hida family.
Let ψ : cl+L (Np
α) → O×, ψ′ : (OL/pα)× → O× be a pair of characters and (k,w) a weight
satisfying k − 2w = mtL. The group homomorphism
GL(K)→ O×, (z, a) 7→ ψ(z)ψ′(a)εL(z)matL−w
determines a O-algebra homomorphism Pk,w,ψ,ψ′ : OJGL(K)K → O.
Definition 2.11. For a ΛL,χ-algebra I the set of arithmetic points, denoted by Aχ(I), is the
subset of HomO-alg(I,Qp) consisting of homomorphisms that coincide with some Pk,w,ψ,ψ′ when
restricted to ΛL,χ.
2.4 Twists of cuspforms
First we recall Hida’s twists of Hilbert cuspforms by Hecke characters ([Hid91], Section 7F), then
we define a twist of cuspforms by local characters and relate it to the Atkin-Lehner involution.
Let Ψ : A×L/L
× → C× be a Hecke character of conductor C(Ψ) and infinity type m · tL,
m ∈ Z. Since Ψ has algebraic values on finite ideles, Hida defined the map
−⊗Ψ : Sk,w
(
Npα, ψ, ψ′;O
)→ Sk,w+m·tL(C(Ψ)Npα, ψΨ2, ψ′Ψ−1p ;O)
f 7→ f ⊗Ψ
where the cuspform f ⊗Ψ has adelic Fourier coefficients given by
ap(y, f ⊗Ψ) = Ψ(y∞)ap(y, f)ym·tLp . (14)
When Ψ = |−|mAL is a integral power of the adelic norm character, one finds that
f ⊗ |−|mAL ∈ Sk,w+m·tL
(
Npα, ψ, ψ′;O
)
and
ap(y, f ⊗ |−|mAL) = εF (y)−map(y, f).
Note that twisting does not affect the classical Fourier expansion on the identity component
of the Hilbert modular surface.
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Lemma 2.12. Let g ∈ Sk,w
(
Npα, ψ, ψ′;O
)
and g1 be the first component of the corresponding
tuple of classical Hilbert modular forms. Then for any Hecke character Ψ : A×L/L
× → C×, we
have
(g ⊗Ψ)1 = Ψ(dL)g1.
Proof. If ξ ∈ (dL)+, it follows directly from the definitions that
ap(ξdL, g) = a(ξ, g1).
Suppose Ψ has infinity type m · tL, then one can compute that
a(ξ, (g ⊗Ψ)1) = ap(ξdL, g ⊗Ψ) = ap(ξdL, g)Ψ((ξdL)∞)(ξdL)m·tLp
= Ψ(dL) · ap(ξdL, g)
= Ψ(dL) · a(ξ, g1).
Now let N,A be integral OL-ideals prime to p and let χ : Cl+L (Apα) → O× be a finite order
Hecke character. Hida defined a function
−|χ : Sk,w
(
Npα, ψ, ψ′;O
)→ Sk,w(NpαA2, ψχ2, ψ′;O)
f 7→ f|χ
where f|χ is a cuspform whose adelic Fourier coefficients are given by
ap(y, f|χ) =
{
χ(y)ap(y, f) if yAp ∈ O×L,Ap
0 otherwise.
We define a new kind of twist by slightly modifying Hida’s work. Let p > [L : Q] be a rational
prime, p | p an OL-prime ideal and χ : O×L,p → O× a finite order character of conductor c(χ).
Proposition 2.13. There is a function
− ⋆ χ : Sk,w
(
Npα, ψ, ψ′;O
)→ Sk,w(Npmax{α,c(χ)}, ψ, ψ′χ−1;O)
f 7→ f ⋆ χ
where f ⋆ χ has adelic Fourier coefficients given by
ap(y, f ⋆ χ) =
{
χ(yp)ap(y, f) if yp ∈ O×F,p
0 otherwise.
Proof. Define
h(x) :=
∑
u∈(OL/pc(χ))
×
χ−1(u)f
(
x
(
1 u̟
−c(χ)
p dL
0 1
))
.
Looking at the adelic q-expansion we see that for all y ∈ ÔL
ap(y, h) =
 ∑
u∈(OL/pc(χ))
×
χ−1(u)χL
(
yu̟
−c(χ)
p
) ap(y, f).
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Then one notices that χL
(
yu̟
−c(χ)
p
)
is a p-power root of unity of order c(χ)− valp(yp) so that∑
u∈(OL/pc(χ))
×
χ−1(u)χL
(
yu̟
−c(χ)
p
)
=
{
χ(yp)G(χ) if yp ∈ O×L,p
0 otherwise
where G(χ) =
∑
u χ
−1(u)χL
(
u̟
−c(χ)
p
)
is a Gauss sum. The cuspform
f ⋆ χ := G(χ)−1h
has the claimed adelic q-expansion and another direct calculation shows that the operators
T (a−1, 1)’s acts on it by
ap
(
y, (f ⋆ χ)|T (a−1,1)
)
= χ−1(ap)ψ
′(a)ap(y, f ⋆ χ).
Let f ∈ Sk,w(Npα, ψ, ψ′;O) be an eigencuspform. For p a prime OL-ideal, let τpα ∈ GL2(AL)
be defined by
(τpα)p =
(
0 −1
̟αp 0
)
, (τpα)v = 12 for v 6= p.
We have the following operator
f|τ−1pα (x) := f(xτ−1pα ).
Lemma 2.14. Let f ∈ S2tL,tL(Npα;ψ,ψ′;O) be an eigenform, then
ap(̟p, f)
α ·
(
f|τ−1pα
)[p]
= G(ψp(ψ
′
p)
2) ·
(
f ⋆ ψp(ψ
′
p)
2
)
the equality taking place in S2tL,tL
(
Npα;ψ,ψ′ · ψ−1p (ψ′p)−2;O
)
.
Proof. For u, v ∈ O×L,p such that uv ≡ −1 (mod pα) we have the following identity in GL2(Lp)(
0 −1
̟αp 0
)−1(
̟αp u
0 1
)
=
(
1 v̟−αp
0 1
)(
v (1 + uv)̟−αp
−̟αp −u
)
. (15)
Let δv,α =
(
1 v̟−αp dL
0 1
)
∈ G(A), denote by γu,α ∈ G(A) the matrix satisfying
(γu,α)p =
(
̟αp u
0 1
)
, (γu,α)v = 12 for v 6= p
and by βu,v,α ∈ G(A) the matrix satisfying
(βu,v,α)p =
(
v (1 + uv)̟−αp
−̟αp −u
)
, (βu,v,α)v =
(
1 −(dL)v
0 1
)
for v 6= p.
Then equation (15) implies that
(τpα)
−1 · γu,α = δv,α · βu,v,α
Right translation by βu,v,α on a Hilbert cuspform corresponds to the action of the element
〈v−1, v−2〉 in GL(K) and we can write
f|γu,α|τ−1pα = (〈v−1, v−2〉f)|δv,α = ψ(v−1)ψ′(v−2) · f|δv,α. (16)
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On one hand, summing the right hand side of (16) over v ∈ (OL/pα)× gives∑
v∈(OL/pα)×
(ψ(ψ′)2)−1(v)f|δv,α = G(ψp(ψ′p)2) ·
(
f ⋆ ψp(ψ
′
p)
2
)
.
On the other hand, summing the left hand side of (16) over u ∈ (OL/pα)× gives∑
u∈(OL/pα)×
f|γu,α|τ−1pα =
( ∑
u∈(OL/pα)
f|γu,α
)
|τ−1pα −
( ∑
u′∈(pOL/pα)
f|γu′,α−1|τ−1pα
)
|(1
̟p
)
=
(
U(̟p)
αf
)
|τ−1pα −
(
U(̟p)
α−1f
)
|τ−1pα |
(
1
̟p
)
,
where in the first equality we used the following identity for u ∈ p(OL/pα):(
0 −1
̟αp 0
)−1(
̟αp u
0 1
)
=
(
1 0
0 ̟p
)(
0 −1
̟αp 0
)−1(
̟α−1p u/̟p
0 1
)
.
Finally, taking the p-depletion of both expressions we obtain
ap(̟p, f)
α ·
(
f|τ−1pα
)[p]
= G(ψp(ψ
′
p)
2) ·
(
f ⋆ ψp(ψ
′
p)
2
)
because [(
Uα−1p f
)|τ−1pα |(1 ̟p)][p] = 0 and (f ⋆ ψp(ψ′p)2)[p] = f ⋆ ψp(ψ′p)2.
3. Automorphic p-adic L-functions
Let L/Q be a real quadratic extension, N a positive integer and Q an OL-ideal. We consider
a primitive Hilbert cuspform g◦ ∈ StL,tL(Q;χ◦;Q) over L with associated Artin representation
̺ : ΓL → GL2(C), and a primitive elliptic cuspform f◦ ∈ S2,1(N ;ψ◦;Q) such that the characters
χ◦ : Cl
+
L (Q)→ O×, ψ◦ : Cl+Q(N)→ O× satisfy
χ◦|Q · ψ◦ ≡ 1. (17)
Denote by Π = πug◦ ⊗ σuf◦ the unitary cuspidal automorphic representation of GL2(AL×Q) as-
sociated to the two cuspforms. The restriction to the ideles A×Q of its central character ωΠ is
trivial under hypothesis (17). Therefore the twisted triple product L-function L(s,Π, r) admits
meromorphic continuation to C, functional equation L(s,Π, r) = ǫ(s,Π, r)L(1 − s,Π, r) and it is
holomorphic at the center s = 1/2 ([BCF19], Section 3.1). By a direct inspection of Euler prod-
ucts ([For19], Section 5) one deduces that the twisted triple product L-function does not vanish
at its center if and only if the L-function L
(
f◦,As(̺), s
)
associated to the Galois representation
As(̺)⊗Vp(f◦) does not vanish at its center:
L
(1
2
,Π, r
)
6= 0 ⇐⇒ L
(
f◦,As(̺), 1
)
6= 0.
We let µ : A×Q → C× denote the quadratic character attached to L/Q by class field theory
and assume from now on that
ǫℓ
(
1
2
,Πℓ, r
)
· µℓ(−1) = +1 ∀ prime ℓ. (18)
Remark 3.1. The assumption on local ǫ-factors can be satisfied by requiring N split in L and
coprime to Q ([Pra92], Theorems B,D and Remark 4.1.1).
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Theorem 3.2. The central L-value L
(
f◦,As(̺), 1
)
does not vanish if and only if there exists an
integer M supported on the prime divisors of N ·NL/Q(Q) · dL/Q, and an eigenform for the good
Hecke operators g˘◦ ∈ StL,tL(MOL;O)[g◦] such that the Petersson inner product〈
ζ∗(g˘◦)⊗ |−|−1AQ , f∗◦
〉
6= 0
does not vanish. Here f∗◦ ∈ S2,1(N ;ψ−1◦ ;Q) denotes the elliptic eigenform whose Hecke eigenvalues
are the complex conjugates of those of f◦.
Proof. This theorem is a refinement of a special case of ([BCF19], Theorem 3.2 & Lemma
3.4). One can justify the use of f∗◦ instead of some eigenform for the good Hecke operators
f˘∗◦ ∈ S2,1(M ;O)[f∗◦ ] by looking at the expression of Ichino’s local functionals in terms of matrix
coefficients.
3.1 Construction
Let p be a rational prime split in L, coprime to the levels Q, N and such that g◦, f◦ are p-ordinary.
Definition 3.3. Let Γ denote the p-adic group 1+pZp and Λ = OJΓK its completed group ring.
We consider the weight space W = Spf(Λ)rig whose arithmetic points correspond to continuous
homomorphisms of the form
wℓ,χ♠ : Λ −→ Qp, [u] 7→ χ♠(u)uℓ−2
for ℓ ∈ Z>1 and χ♠ : Γ→ Q¯×p a finite order character.
Given the character
χ : Cl+L (Qp) −→ O×, z 7→ χ◦(z)θ−1L (z¯) (19)
one can define the surjection
φχ : OJGL(Q)K։ Λ, [(z, a)] 7→ χ(z)[ξ−tLz ]. (20)
Remark 3.4. Any arithmetic point P : OJGL(Q)K → Qp of weight (ℓtL, tL) and character
(χ◦θ
1−ℓ
L χ
−1,1), for χ : ZL(Q) → O× a p-power order character factoring through the norm,
χ = χ♠ ◦ NL/Q, factors through φχ:
PℓtL,tL,χ◦θ1−ℓL χ−1,1
= wℓ,χ♠ ◦ φχ (21)
Furthermore, any arithmetic point P : OJGL(Q)K → Qp factoring through φχ has that form.
Fix g(p)◦ an ordinary p-stabilization of g◦ and let Gn.o. ∈ Sn.o.L (Q;χ; IGn.o.) be the nearly
ordinary Hida family passing through it, that is, there exists an arithmetic point P◦ ∈ A(IGn.o.)
of weight (tL, tL) and character (χ◦,1) such that Gn.o.(P◦) = g
(p)
◦ . If we set
IG := IGn.o. ⊗φχ Λ and G := (1⊗ φχ) ◦ Gn.o., (22)
then G ∈ SordL (Q;χ; IG ) is the ordinary Hida family passing through g(p)◦ ([Wil88], Theorem 3).
3.1.1 The Λ-adic cuspform. Write P for the set of prime OL-ideals dividing p. The choice
of ordinary p-stabilization of g◦ determines an ordinary p-stabilization g˘
(p)
◦ of any cuspform g˘◦
arising from Theorem 3.2. Let G˘ be the IG -adic cuspform passing through g˘
(p)
◦ defined as in
([DR14] Section 2.6). For a choice a prime p ∈ P we define a homomorphism of ΛL,χ-modules
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d•pG˘
[P] : hL(MOL;O) −→ IG by
d•pG˘
[P] (〈z〉T(y)) =
{
G˘ (〈z〉T(y))φχ
(
[yp, 1]
)
y−1p if yp ∈ O×L,p
0 otherwise.
Using diagonal restriction ([BCF19], Section 2.3)
ζ : hQ(M ;O)→ hL(MOL;O), ζ([z, a]) = [∆(z),∆(a)]a−1,
we define the ordinary IG -adic cuspform
eordζ
∗
(
d•pG˘
[P]
)† ∈ SordQ (M ;ψ−1◦ ; IG ) (23)
by setting
ζ∗
(
d•pG˘
[P]
)†(〈z〉T(y)) = θQ(y¯) · φχ([∆(ξz)−1∆(ξy)−1/2, 1]) · d•pG˘ [P](ζ [〈z〉T(y)] ),
where ∆ : 1 + pZp →֒ 1 + pOL,p is the diagonal embedding.
Proposition 3.5. Let P ∈ Aχ(IG ) be an arithmetic point of weight (ℓtL, tL) and character
(χ◦θ
1−ℓ
L χ
−1,1). If we define the local character χpθ
ℓ−1
L,p : O×L,p −→ O× by x 7→ χθℓ−1L (x) and
µ ∈ IL is the embedding inducing p then
eordζ
∗
(
d•pG˘
[P]
)†
(P) = eordζ
∗
[
d1−ℓµ
(
g˘
[P]
P ⋆ χ
−1
p θ
1−ℓ
L,p
)]⊗ θℓ−1Q χ♠|−|ℓ−2AQ
is a classical cuspform of weight (2, 1) and character (ψ−1◦ ,1).
Proof. The direct computation
P ◦ eordζ∗
(
d•pG˘
[P]
)†
([z, a]) = θQ(a
−1) · P ◦ φχ([∆(ξz)−1∆(ξa)1/2, 1]) · P ◦ d•pG˘ [P]
(
[∆(z),∆(a)]a−1
)
= θ−1Q (a) · χ2♠(z)η2(2−ℓ)Q (z)χ−1♠ (a)ηℓ−2Q (a) · P ◦ φχ([∆(z)∆(a)−1p ,∆(a)])
= θ−1Q (a) · χ2♠(z)η2(2−ℓ)Q (z)χ−1♠ (a)ηℓ−2Q (a) · (χ◦θ1−ℓL χ−1)(∆(z)∆(a)−1p )εℓ−2L (∆(z)∆(a)−1p )
= ψ−1◦ (z)
shows that eordζ
∗
(
d•pG˘
[P]
)†
(P) is a cuspform of weight (2, 1) and character (ψ−1◦ ,1). Then we
compute
ap(y, d
•
pG˘
[P](P)) = y1−ℓp ap(y, g˘
[P]
P ) · χ−1(yp)θ1−ℓL (yp)
which implies
ζ∗d•pG˘
[P](P) = ζ∗
[
d1−ℓµ
(
g˘
[P]
P ⋆ χ
−1
p θ
1−ℓ
L,p
)]
.
Finally,
ap
(
y, ζ∗
(
d•pG˘
[P]
)†
(P)
)
= θQ(y) · χ♠(y)η2−ℓQ (y) · ap
(
y, ζ∗d•pG˘
[P](P)
)
= θℓ−1Q (y)χ♠(y)ε
2−ℓ
Q (y) · ap
(
y, ζ∗d•pG˘
[P](P)
)
proves the last claim
eordζ
∗
(
d•pG˘
[P]
)†
(P) = eordζ
∗
[
d1−ℓµ
(
g˘
[P]
P ⋆ χ
−1
p θ
1−ℓ
L,p
)]⊗ θℓ−1Q χ♠|−|ℓ−2AQ .
Corollary 3.6. We have
eordζ
∗
(
d•pG˘
[P]
)† ∈ Sord2,1 (Mp;ψ−1◦ ;O)⊗O IG .
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Proof. By Proposition 3.5
eordζ
∗
(
d•pG˘
[P]
)†
(P) ∈ Sord2,1
(
Mp;ψ−1◦ ;O
)
for any arithmetic crystalline point P ∈ Aχ(IG ) of weight (ℓtL, tL) and character (χ◦θ1−ℓL ,1).
By the density of such crystalline points, the homomorphism eordζ
∗
(
d•pG˘
[P]
)†
factors through the
reduction to weight (2, 1), level Mp and character ψ−1◦ of h
ord
Q (M ;O).
3.1.2 The automorphic p-adic L-function. Let f∗◦ ∈ S2,1(N,ψ−1◦ ;Q) be the elliptic eigenform
whose Hecke eigenvalues are the complex conjugates of those of f◦, then we can write
e
f
∗(p)
◦
eordζ
∗
(
d•pG˘
[P]
)†
=
∑
d|(M/N)
λd · f∗(p)◦ (qd) for {λd}d ⊂ IG ,
and define
Lp(G˘ , f◦) =
∑
d|(M/N)
λd ·
〈
f
∗(p)
◦ (q
d), f∗(p)◦ (q)
〉〈
f
∗(p)
◦ , f
∗(p)
◦
〉 ∈ IG .
Definition 3.7. Set WG = Spf(IG )
rig, then the automorphic p-adic L-function attached to(
G˘ , f◦
)
is the rigid-analytic function
L
aut
p (G˘ , f◦) : WG −→ Cp
determined by Lp(G˘ , f◦) ∈ IG .
For any arithmetic point P ∈WG of weight (ℓtL, tL) and character (χ◦θ1−ℓL χ−1,1) we have
L
aut
p (G˘ , f◦)(P) =
〈
eordζ
∗
[
d1−ℓµ
(
g˘
[P]
P ⋆ χ
−1
p θ
1−ℓ
L,p
)]⊗ θℓ−1Q χ♠|−|ℓ−2AQ , f∗(p)◦ 〉〈
f
∗(p)
◦ , f
∗(p)
◦
〉 .
Remark 3.8. A different choice of prime p above p changes the automorphic p-adic L-function
L autp (G˘ , f◦) by a sign.
3.2 Weight one specialization
Consider the T0(̟p)-Hecke polynomial of f
∗
◦ ∈ S2,1(N ;ψ−1◦ ;Q)
1− ap(̟p, f∗◦ )X + ψ−1◦ (p)pX2 = (1− αf∗◦X)(1− βf∗◦X)
and suppose αf∗◦ denotes the inverse of the root which is a p-adic unit. By defining
E(f∗◦ ) := (1− βf∗◦α−1f∗◦ )
we can rewrite the values of the p-adic L-function at every arithmetic point P ∈WG as
L
aut
p (G˘ , f◦)(P) =
1
E(f∗◦ )
〈
eordζ
∗
[
d1−ℓµ
(
g˘
[P]
P ⋆ χ
−1
p θ
1−ℓ
L,p
)]⊗ θℓ−1Q χ♠|−|ℓ−2AQ , f∗◦〉〈
f∗◦ , f
∗
◦
〉 . (24)
Lemma 3.9. We have
L
aut
p (G˘ , f◦)(P◦) =
Espp (g◦, f∗◦ )
E(f∗◦ )E1,p(g◦, f∗◦ )
〈
ζ∗(g˘◦)⊗ |−|−1AQ , f∗◦
〉
〈
f∗◦ , f
∗
◦
〉
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for
Espp (g◦, f∗◦ ) =
∏
•,⋆∈{α,β}
(
1− •1 ⋆2 β−1f∗◦
)
, E1,p(g◦, f∗◦) = 1− α1β1α2β2(βf∗◦ )−2.
where αi, βi are the inverses of the roots of the T (pi)-Hecke polynomial for g◦, i = 1, 2.
Proof. The value of the p-adic L-function at P◦ ∈WG can be expressed as
L
aut
p (G˘ , f◦)(P◦) =
1
E(f∗◦ )
〈
eordζ
∗
(
g˘
[P]
P
)
, f∗◦ ⊗ |−|AQ
〉〈
f∗◦ , f
∗
◦
〉 .
The T0(̟p)-Hecke polynomial for the eigenform f
∗
◦ ⊗ |−|AQ ∈ S2,2(N ;ψ−1◦ ;Q) is
1− ap(̟p, f∗◦ )p−1X + ψ−1◦ (p)p−1X2 = (1− αf∗◦⊗|−|X)(1 − βf∗◦⊗|−|X).
Therefore the inverse of the root which is a p-adic unit is
αf∗◦⊗|−| = βf∗◦ · p−1.
The result follows applying ([BCF19], Lemma 3.11):
L
aut
p (G˘ , f◦)(P◦) =
1
E(f∗◦ )
∏
•,⋆∈{α,β}
(
1− •1 ⋆2
(
αf∗◦⊗|−| · p
)−1)
1− α1β1α2β2
(
αf∗◦⊗|−| · p
)−2
〈
eordζ
∗
(
g˘P
)
, f∗◦ ⊗ |−|AQ
〉
〈
f∗◦ , f
∗
◦
〉
=
Espp (g◦, f∗◦ )
E(f∗◦ )E1,p(g◦, f∗◦ )
〈
eordζ
∗
(
g˘P
)
, f∗◦ ⊗ |−|AQ
〉
〈
f∗◦ , f
∗
◦
〉
=
Espp (g◦, f∗◦ )
E(f∗◦ )E1,p(g◦, f∗◦ )
〈
ζ∗(g˘◦)⊗ |−|−1AQ , f∗◦
〉
〈
f∗◦ , f
∗
◦
〉 .
Corollary 3.10.
L
(
f◦,As(̺), 1
)
6= 0 ⇐⇒ L autp (G˘ , f◦)(P◦) 6= 0.
Proof. It follows from Theorem 3.2 and Lemma 3.9. The p-adic valuations of E(f∗◦ ), E1,p(g◦, f∗◦ ),
and Espp (g◦, f∗◦ ) show they are not zero.
4. Review of Hilbert modular varieties
Recall the algebraic groups
D = ResL/Q
(
Gm,L
)
, G = ResL/Q
(
GL2,L
)
, G∗ = G×D Gm,Q.
Given K 6 G(Ẑ) a compact open subgroup we define
K∗ = K ∩G∗(Af ), K ′ = K ∩GL2(Af ) (25)
with associated Shimura varieties
S(K)(C) := G(Q)+\H2 ×G(Af )/K,
S∗(K∗)(C) := G∗(Q)+\H2 ×G∗(Af )/K∗,
Y (K ′)(C) := GL2(Q)+\H ×GL2(Af )/K ′.
(26)
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If K is sufficiently small, then S(K)(C), S∗(K∗)(C) and Y (K ′)(C) have smooth canonical models
S(K), S∗(K∗) and Y (K ′) defined over Q.
4.0.1 Special level subgroups. Let p be a rational prime split in L, pOL = p1p2 and fix
isomorphisms OL,p1 ≃ Zp, OL,p2 ≃ Zp to identify elements of OL,p with pairs (ap1 , ap2) ∈ Zp×Zp.
Definition 4.1. For any α > 1 and any compact open K ⊆ G(Af ) hyperspecial at p we set
K⋄(p
α) :=
{(
a b
c d
)
∈ K0(pα)
∣∣∣ ap1 ≡ ap2 , dp1 ≡ dp2 (mod pα)} , K⋄,1(pα) := K⋄(pα)∩V1(pα)
KX,1(p
α) :=
{(
a b
c d
)
∈ K0(pα)
∣∣∣ ap1 ≡ dp2 , dp1 ≡ ap2 ≡ 1 (mod pα)} ,
and
K⋄,t(p
α) :=
{(
a b
c d
)
∈ K0(pα)
∣∣∣ ap1dp1 ≡ ap2dp2 , dp1dp2 ≡ 1 (mod pα)} .
Definition 4.2. For any α > 1 and any compact open K ⊆ G(Af ) hyperspecial at p we set
KX(p
α) :=
{(
a b
c d
)
∈ K0(pα)
∣∣∣ ap1dp1 ≡ ap2dp2 , dp1ap2 ≡ 1 (mod pα)} ,
it is the subgroup of K0(p
α) generated by KX,1(p
α) and matrices γ of the form
γv = 12 for v 6= p, γp =
(
d−1
d
)
with dp1 ≡ dp2 (mod pα).
4.0.2 Geometrically connected components. The determinant det : G → D induces a bijec-
tion between the set of geometric connected components of S(K) and cl+L (K) = L
×
+\A×L,f/det(K)
the strict class group of K. The natural surjection cl+L (K) ։ cl
+
L to the strict ideal class group
of L can be used to label the geometrically connected components of S(K) as follows. Fix frac-
tional ideals c1, . . . , ch+L
forming a set of representatives of cl+L . For every such ideal c choose
[c]K ⊆ G(Af ) a set of diagonal matrices with lower right entry equal to 1 and whose deter-
minants represent the preimage of the class [c] in cl+L (K). By strong approximation there is a
decomposition
S(K)(C) = G(Q)+\H2 ×G(Af )/K =
∐
[c]∈cl+L (K)
Sc(K)(C),
where Sc(K)(C) =
∐
g∈[c]K
Γ(g,K)\H2 for Γ(g,K) = gKg−1 ∩G(Q)+. (27)
Proposition 4.3. If O×L does not contain a totally positive unit congruent to −1 modulo p,
then the complex uniformizations of S(K⋄(p
α)) and S(KX(p
α)) can be canonically identified:
S(K⋄(p
α))(C) = S(KX(p
α))(C) ∀α > 1.
Proof. First we note that det
(
K⋄(p
α)
)
and det
(
KX(p
α)
)
both equal (Z×p +p
αOL,p)det
(
Kp
)
, thus
we can choose the same set of matrices [c]K⋄(pα) = [c]KX(pα) for any fractional ideal c. To conclude
we claim that for every matrix g in those sets we have
Γ(g,K⋄(p
α)) = Γ(g,KX(p
α)).
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We only write the argument showing Γ(g,K⋄(p
α)) ⊆ Γ(g,KX(pα)) because the other inclu-
sion is analogous. Let γ be a matrix in Γ(g,K⋄(p
α)), then its entries aγ , bγ , cγ , dγ ∈ L satisfy
(aγ)p, (dγ)p ∈ Z×p +pαOL,p, (cγ)p ∈ pαOL,p and its determinant det(γ) ∈ O×L,+ is a totally positive
unit. In order to prove the claimed inclusion we need to show that
(aγdγ)p1 ≡pα (aγdγ)p2 and (dγ)p1 ≡pα (aγ)p2 .
Since NL/Q
(
det(γ)
)
= 1, one sees that either aγdγ − 1 ∈ pαOL or aγdγ + 1 ∈ pαOL. The second
option implies that det(γ) ≡p −1 that is ruled out by our assumption. Hence we must have
aγdγ − 1 ∈ pαOL.
4.1 Hecke correspondences
We recall the conventions for Hecke correspondences that are used in the rest of this work. For
K 6 G(Ẑ) an open compact subgroup and an element g ∈ G(Af ) there is a map
Tg : S(K) −→ S(gKg−1), [x, h] 7→ [x, hg−1], (28)
descending to a morphism of Q-varieties. The double coset [KgK] defines the following corre-
spondence
S(g−1Kg ∩K) Tg //
pr

S(K ∩ gKg−1)
pr′

S(K) S(K)
(29)
acting on the cohomology of S(K) via (pr′)∗◦(Tg)∗◦(pr)∗. Suppose V (N) 6 K for some OL-ideal
N, then for a, b ∈ O×L,N and z ∈ A×L,f , we can consider correspondences associated to the double
cosets
T (a, b) =
[
K
(
a 0
0 b
)
K
]
, 〈z〉 =
[
K
(
z 0
0 z
)
K
]
. (30)
Since z · 12 belongs to the center, the action of 〈z〉 is that of (Tz)∗ = (Tz−1)∗. Moreover,
if the matrix Da,b :=
(
a 0
0 b
)
normalizes the compact open subgroup K, then T (a, b) acts as
(TDa,b)∗ = (TD−1a,b
)∗.
Definition 4.4. Given an element (z, a) ∈ GL(K) we set
〈z, a〉 := (Tz) ◦ (TDa−1,1). (31)
4.1.1 The Up-correspondence. Recall that ̟p ∈ A×L,f is the element whose p-component is p
and every other component is 1, and ̟p = ̟p1̟p2 . Consider the matrix gp =
(
̟p 0
0 1
)
satisfying
g−1p K(p
α)gp ∩K(pα) = K(pα) ∩K0(pα+1). We denote by
π1 : S(K(p
α) ∩K0(pα+1)) −→ S(K(pα)), π2 : S(K(pα) ∩K0(pα+1)) −→ S(K(pα)),
the two projections π1 = pr and π2 = pr
′ ◦ Tgp. Then the Up-correspondence and its adjoint U∗p
are given by
Up = (π2)∗ ◦ (π1)∗, U∗p = (π1)∗ ◦ (π2)∗. (32)
Analogously, there is a Up-correspondence for each prime p above p. Let gp =
(
̟p 0
0 1
)
, then
g−1p K(p
α)gp = K(p
α) ∩K0(pα+1), and there are projections
π1,p, π2,p : S(K(p
α) ∩K0(pα+1)) −→ S(K(pα)).
22
Hirzebruch-Zagier classes and rational elliptic curves over quintic fields
The Up operator is defined as Up = (π2,p)∗ ◦(π1,p)∗ with its adjoint given by U∗p = (π1,p)∗ ◦(π2,p)∗.
The above discussion holds verbatim if we change K(pα) to any other level subgroup defined in
Defintions 4.1 and 4.2.
4.1.2 Atkin-Lehner map. Recall the matrix τpα2 ∈ G(Af ) defined by
(τpα2 )p2 =
(
0 −1
̟αp2 0
)
, (τpα)v = 12 for v 6= p2
which normalizes K(pα) and the induced the morphism
Tτpα
2
: S(K(pα)) −→ S(K(pα)), [x, h] 7→ [x, hτ−1pα2 ].
It intertwines diamonds operators as
Tτpα
2
◦ 〈z, a〉 = 〈z · ap2 , a · a−2p2 〉 ◦ Tτpα2 (33)
if (z, a) ∈ GL(K). Furthermore, (
Tτpα
2
)2
=
〈−̟αp2 , 1〉. (34)
It is also useful to know how Tτpα
2
interacts with the Hecke operators at p. For p equal to
either p1 or p2 there are commutative diagrams
S(K(pα) ∩K0(pα+1))
ν1,p

π1
**❯❯❯
❯❯❯
❯❯❯
❯❯❯
❯❯❯
❯❯
S(K(pα) ∩K0(pα+1))
ν2,p

π2
**❯❯❯
❯❯❯
❯❯❯
❯❯❯
❯❯❯
❯❯
S(K(pα) ∩K0(pα+1)) π1,p // S(K(pα)), S(K(pα) ∩K0(pα+1)) π2,p // S(K(pα)).
A direct calculation shows the following relations
π1,p2 ◦ Tτ
p
α+1
2
= Tτpα2
◦ π2,p2 , π2,p2 ◦ Tτ
p
α+1
2
= 〈̟−1p , 1〉 ◦ Tτpα ◦ π1,p (35)
and
ν1,p1 ◦ Tτ
p
α+1
2
= Tτpα
2
◦ ν2,p1 , ν2,p1 ◦ Tτ
p
α+1
2
= 〈̟−1p2 , 1〉 ◦ Tτpα2 ◦ ν1,p1 . (36)
It follows that
(Tτpα
2
)∗ ◦ Up2 ◦ (Tτpα
2
)∗ = U∗p2 ◦ 〈̟p2 , 1〉. (37)
Furthermore, it is clear that Up1 commutes with (Tτpα
2
)∗.
Remark 4.5. The level subgroups of Definitions 4.1, 4.2 are related by the Atkin-Lehner map
Tτpα
2
: S(K⋄,1(p
α)) −→ S(KX,1(pα)), Tτpα
2
: S(KX(p
α)) −→ S(K⋄,t(pα)).
4.2 On different models of Hilbert modular surfaces
From now on we assume that there is no totally positive units in O×L congruent to −1 modulo p
and that the open compact subgroup K 6 G(Ẑ) satisfies det(K) = ÔL
×
.
Definition 4.6. Given a ∈ (Z/pαZ)× we denote by σa ∈ Gal(Q(ζpα)/Q) the element corre-
sponding to a by class field theory. Specifically, σa(ζpα) = (ζpα)
a−1 .
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Lemma 4.7. There are canonical isomorphisms of Q-varieties
S(K(pα))
∼
uu❦❦❦❦
❦❦
❦❦
❦❦
❦❦
❦❦
∼
))❙❙❙
❙❙
❙❙
❙❙
❙❙
❙❙
❙
S(K⋄,1(p
α))×Q Q(ζpα) S(KX,1(pα))×Q Q(ζpα).
Proof. It is well-known that the canonical projection S(K(pα)) → S(K?,1(pα)) induce an iso-
morphism of Q-varieties
S(K(pα)) ≃ S(K?,1(pα))×π0(S(K?,1(pα))) π0(S(K(pα))) for ? = ⋄, X.
Therefore in order to prove the lemma we have to show that there is an isomorphism of Q-
group schemes between π0(S(K(p
α))) and π0(S(K?,1(p
α))) ×Q Q(ζpα). The component groups
of S(KX,1(p
α)), S(K⋄,1(p
α)) and S(KX,1(p
α)) are 0-dimensional Shimura varieties defined over Q
and the Galois group Gal(Q(ζpα)/Q) acts on their points via the Artin map and the diagonal
embedding of A×Q,f inside A
×
L,f . Moreover, all points of π0(S(KX,1(p
α))) and π0(S(K⋄,1(p
α))) are
defined over Q because
det(K⋄,1(p
α)) = det(KX,1(p
α)) = (Z×p + p
αOL,p)Ôp,×L .
The projection π0(S(K(p
α)))→ π0(S(K?,1(pα))) corresponds to the natural quotient map
L×+\A×L,f/(1 + pαOL,p)Ôp,×L −→ L×+\A×L,f/(Z×p + pαOL,p)Ôp,×L .
Its kernel can be identified with(
Z×p + p
αOL,p
)/([O×L,+ ∩ (Z×p + pαOL,p)] · (1 + pαOL,p)) ∼= (Z/pαZ)×
because there is no totally positive unit congruent to −1 modulo p. Hence the Galois action of
Gal(Q(ζpα)/Q) on the fibers of the projection π0(S(K(p
α))) → π0(S(K?,1(pα))) can be canoni-
cally identified with the simply transitive action of (Z/pαZ)× on itself and we conclude that
π0(S(K(p
α))) ∼= π0(S(K?,1(pα)))×Q Q(ζpα) for ? = ⋄, X.
Proposition 4.8. There is an isomorphism of Q-varieties
να : S(K⋄(p
α))×Q Q(ζpα) ∼−→ S(KX(pα))×Q Q(ζpα)
such that να ◦ (1× σa) = (〈1, (a, a)〉 × σa) ◦ να.
Proof. Let a ∈ Z×p and consider the action of
(
(a−1, a−1) 0
0 1
) ∈ GL2(OL,p) on S(K(pα)). On the
one hand, it acts on S(K⋄,1(p
α))×QQ(ζpα) as 1×σa via the isomorphism of Lemma 4.7. On the
other hand, it acts as 〈1, (a, a)〉×σa on S(KX,1(pα))×QQ(ζpα). In other words, the isomorphism
ν˜α : S(K⋄,1(p
α))×Q Q(ζpα) ∼−→ S(KX,1(pα))×Q Q(ζpα)
obtained from Lemma 4.7 satisfies ν˜α ◦ (1× σa) = (〈1, (a, a)〉 × σa) ◦ ν˜α.
The quotient of S(K⋄,1(p
α))×Q Q(ζpα) by the subgroup of matrices γ of the form
γv = 12 for v 6= p, γp =
(
d−1
d
)
with dp1 ≡ dp2 (mod pα)
is S(K⋄(p
α)) ×Q Q(ζpα) because those matrices have determinant 1. Similarly, the quotient of
S(KX,1(p
α))×Q Q(ζpα) by the same group is S(KX(pα))×Q Q(ζpα) on the target. We denote by
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να the resulting isomorphism
να : S(K⋄(p
α))×Q Q(ζpα) ∼−→ S(KX(pα))×Q Q(ζpα)
which also satisfies να ◦ (1 × σa) = (〈1, (a, a)〉 × σa) ◦ να.
Corollary 4.9. The isomorphism
να :
(
S(K⋄(p
α))×Q Q(ζpα)
)
(C)
∼−→
(
S(KX(p
α))×Q Q(ζpα)
)
(C)
is the identity with respect to the complex uniformizations (27). In particular να commutes with
the projections ν1,p and π1,p for p | p.
4.2.1 Compatibility with Hecke correspondences. Even though the complex uniformization
of να is the identity, the map induced in cohomology does not commute in general with the
Hecke operators. Indeed, even when g ∈ G(Af ) normalizes the congruence subgroups K⋄(pα)
and KX(p
α), the morphisms Tg : S(K⋄(p
α)) → S(K⋄(pα)) and Tg : S(KX(pα)) → S(KX(pα))
may differ. However, there is an important case when the commutativity holds.
Lemma 4.10. The identity
Up ◦ (να)∗ = (να)∗ ◦ Up
holds in cohomology.
Proof. The argument in Proposition 4.8 also yields an isomorphism
να : S
(
K⋄(p
α) ∩K0(pα+1)
)×Q Q(ζpα) ∼−→ S(KX(pα)) ∩K0(pα+1)) ×Q Q(ζpα), (38)
for any α > 1 factoring through a quotient of S(K(pα) ∩ K0(pα+1)). Since the determinant of
the matrix gp =
(
̟p 0
0 1
)
lies in L×+ · (1 + pαOL,p)Ôp,×L , both projections
π1, π2 : S
(
K(pα) ∩K0(pα+1)
) −→ S(K(pα))
induce the identity map between the component groups. Therefore the projections descend to
π1 × 1, π2 × 1 on both domain and target of the isomorphism (38). In other words, both π1 × 1
and π2 × 1 commute with να which implies the claim.
4.3 Atkin-Lehner correspondence
Definition 4.11. Let p be a OL-prime ideal above p and α > 1 be a positive integer. The
Atkin-Lehner correspondence wpα2 := (Tτpα2
× 1) ◦ να is an isomorphism of Q-varieties
wpα : S(K⋄(p
α))×Q Q(ζpα) ∼−→ S(K⋄,t(pα))×Q Q(ζpα).
By Lemma 4.10 and equation (37), the cohomological map (wpα2 )
∗ is intertwined with the
Hecke correspondences at p through the rule
Up ◦ (wpα2 )∗ = (wpα2 )∗ ◦ Up1 ◦ U∗p2 ◦ 〈̟p2 , 1〉. (39)
4.3.1 Galois action. Consider the Galois character
δα : ΓQ −→ O[GαL(K)]× (40)
obtained by composing the projection ΓQ → Gal(Q(ζpα)/Q) with the homomorphism
σa 7→
〈
(1, a−1), (a, a−1)
〉
. (41)
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Lemma 4.12. There is a ΓQ-equivariant isomorphism
(wpα2 )∗ : H
•
e´t
(
S(K⋄(p
α))Q¯, O
) ∼−→ H•e´t(S(K⋄,t(pα))Q¯, O)(δα).
Proof. Since Tτpα2
is defined over Q we can use equation (33) to compute
wpα2 ◦ (1× σa) = Tτpα2 ◦ (〈1, (a, a)〉 × σa) ◦ να
= (〈(1, a−1), (a, a−1)〉 × σa) ◦ wpα2 .
(42)
5. Hirzebruch-Zagier classes
We keep the notations and assumptions made at the beginning of the previous chapter. Let
K = V1(MOL), K ′ := GL2(AQ) ∩K and note that K ′0(pα) = GL2(AQ) ∩K⋄(pα). Thus there is
a cartesian diagram of Shimura varieties over Q
Y (K ′0(p
α+1))
⋄π1

  ζ(p1) // S(K⋄(p
α) ∩ U0(pα+11 ))
π1,p1

Y (K ′0(p
α)) 
 ζ // S(K⋄(p
α))
(43)
since the horizontal arrows are closed embeddings and the vertical ones are finite of degree p.
Definition 5.1. For α > 1 we set
∆♭α := ζ∗
[
Y (K ′0(p
α))
] ∈ CH1(S(K⋄(pα))(Q)
and
∆♭α(p1) := ζ(p1)∗
[
Y (K ′0(p
α+1))
]
as a codimension one cycle class in CH1
(
S(K⋄(p
α) ∩ U0(pα+11 ))
)
(Q).
Lemma 5.2. We have
(π1,p1)
∗∆♭α = ∆
♭
α(p1) (44)
in CH1
(
S(K⋄(p
α) ∩ U0(pα+11 ))
)
(Q).
Proof. Since the diagram (43) is cartesian, the push-pull formula
(π1,p1)
∗ ◦ ζ∗ = ζ(p1)∗ ◦ (π1)∗
implies the claim.
5.0.1 Twisting by Atkin-Lehner.
Definition 5.3. We consider the class of the codimension one cycle
∆♯α = (wpα2 )∗∆
♭
α ∈ CH1
(
S(K⋄,t(p
α))
)
(Q(ζpα))
defined over Q(ζpα).
There are two natural degeneracy maps ̟1,̟2 : S(K⋄,t(p
α+1)) → S(K⋄,t(pα)) which are
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described by the following commutative diagrams
S(K⋄,t(p
α+1))
µ

̟1
**❱❱❱
❱❱❱
❱❱❱
❱❱❱
❱❱❱
❱❱❱
S(K⋄,t(p
α+1))
µ

̟2
**❱❱❱
❱❱❱
❱❱❱
❱❱❱
❱❱❱
❱❱❱
S(K⋄,t(p
α) ∩K0(pα+1)) π1 // S(K⋄,t(pα)), S(K⋄,t(pα) ∩K0(pα+1)) π2 // S(K⋄,t(pα)).
Proposition 5.4. We have
(̟2)∗∆
♯
α+1 = 〈̟−1p2 , 1〉∗ ◦ Up1∆♯α.
Proof. Combining equation (36) with Corollary 4.9, we have the following diagram commutes
Y (K ′0(p
α+1)) 
 ζ // S(K⋄(p
α+1))
ν1,p1◦µ

w
p
α+1
2 // S(K⋄,t(p
α+1))
ν2,p1◦µ

Y (K ′0(p
α+1)) 
 ζ(p1) // S(K⋄(p
α) ∩K0(pα+11 ))
〈̟−1p2 ,1〉◦wpα2 // S(K⋄,t(p
α) ∩K0(pα+11 ))
π2,p1

S(K⋄,t(p
α)).
(45)
By definition, (̟2)∗∆
♯
α+1 is the pushforward of the cycle class
[
Y (K ′0(p
α+1))
]
along the top
arrows and the rightmost vertical arrows. Therefore
(̟2)∗∆
♯
α+1 = (π2,p1)∗ ◦ 〈̟−1p2 , 1〉∗ ◦ (wpα2 )∗ ◦ (ζ(p1))∗
[
Y (K ′0(p
α+1))
]
= 〈̟−1p2 , 1〉∗ ◦ (π2,p1)∗ ◦ (wpα2 )∗∆♭α(p1)
= 〈̟−1p2 , 1〉∗ ◦ (π2,p1)∗ ◦ (wpα2 )∗ ◦ (π1,p1)∗∆♭α
= 〈̟−1p2 , 1〉∗ ◦ (π2,p1)∗(π1,p1)∗ ◦ (wpα2 )∗∆♭α
= 〈̟−1p2 , 1〉∗ ◦ Up1∆♯α,
where the third equality is due to Lemma 5.2 and the second to last follows from the fact that
wpα2 is an isomorphism commuting with π1,p1 (Corollary 4.9).
5.1 Hirzebruch-Zagier cycles
Definition 5.5. Consider the Shimura threefold
Zα(K) = S(K⋄,t(p
α))×X0(p) (46)
where X0(p) denotes the compactified modular curve X(V1(N) ∩ V0(p)). Then the Hirzebruch-
Zagier cycles of level α > 1 is defined by
∆α = (〈̟αp2 , 1〉 ◦ wpα2 ◦ ζα, π1,α)∗[Y (K ′0(pα))] ∈ CH2
(
Zα(K)
)
(Q(ζpα)). (47)
where π1,α : Y (K
′
0(p
α)) −→ X0(p) is the natural projection.
Proposition 5.4 implies a precise relation between Hirzebruch-Zagier cycles of different levels.
Proposition 5.6. The following identity holds in CH2(Zα(K))(Q(ζpα)):
(̟2, id)∗∆α+1 = (Up1 , id)∆α.
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5.1.1 Galois twisting. By equation (42), the Galois group ΓQ acts on ∆α through the finite
quotient Gal(Q(ζpα)/Q) as
(σa)∗∆α = (〈(1, a), (a−1 , a)〉, id)∗∆α.
Definition 5.7. Let S†(K⋄,t(p
α)) be the twist of the Q-variety S(K⋄,t(p
α)) by the 1-cocycle
Gal(Q(ζpα)/Q) ∋ σa 7→ 〈(1, a−1), (a, a−1)〉.
We define Z†α(K) = S†(K⋄,t(p
α))×X(K ′0(p)). By construction
H•e´t(S
†(K⋄,t(p
α))Q¯, O) ≃ H•e´t(S(K⋄,t(pα))Q¯, O)(δα). (48)
and ∆α corresponds to a codimension 2 cycle of Z
†
α(K) defined over Q.
5.1.2 Null-homologous cycles. Finally, we apply a suitable correspondence to make Hirzebruch-
Zagier cycles null-homologous. We define a correspondence εf◦ on X0(p) following [DR17] (after
equation (47)). Since p is assumed to be non-Eisenstein for f◦, i.e. f◦ is not congruent to an
Eisenstein series modulo p, there exists an auxiliary prime ℓ ∤ Np for which ℓ+ 1 − ap(ℓ, f◦) lies
in O×. Then the correspondence
εf◦ = (ℓ+ 1− T (ℓ))/(ℓ+ 1− ap(ℓ, f◦))
has coefficients in O, it annihilates H0(X0(p)) and H
2(X0(p)) and acts as the identity on the
f◦-isotypic subspace H
1(X0(p))[f◦].
Definition 5.8. The modified Hirzebruch-Zagier cycle is given by
∆◦α := (id, εf◦)∗∆α ∈ CH2
(
Z†α(K)
)
(Q)⊗Z O.
Proposition 5.9. The cycle class ∆◦α is null-homologous.
Proof. Consider the smooth compactification ι : Z†α(K) →֒ Z†α(K)c obtained by taking the
minimal resolution of the Baily-Borel compactification of the Hilbert modular surface, and denote
by ∆◦,cα the closure of ∆◦α in Z
†
α(K)c. Thanks to the commuting diagram
CH2
(
Z†α(K)c
)
(Q)⊗Z O cle´t //
ι∗

H4et
(
Z†α(K)cQ¯, O(2)
)
ι∗

CH2
(
Z†α(K)
)
(Q)⊗Z O cle´t // H4et
(
Z†α(K)Q¯, O(2)
)
,
it suffices to show that cle´t
(
∆◦,cα
)
= 0. As the integral cohomology of smooth projective curves is
torsion free and the minimal resolution of the Baily-Borel compactification of a Hilbert modular
surface is simply connected, the group H4et(Z
†
α(K)cQ, O(2)) has a Ku¨nneth decomposition whose
every non-zero term is annihilated by the correspondence (id, εf◦).
5.2 Big cohomology classes
For any number field D, the p-adic e´tale Abel-Jacobi map
AJe´tp : CH
2(Z†α(K))0(D) −→ H1
(
D,H3et
(
Z†α(K)Q¯, O(2)
))
= H1
(
D,H3et
(
Zα(K)Q¯, O(2)
)
(δα)
)
sends null-homologous cycles to Galois cohomology classes.
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Definition 5.10. We denote by H2!
(
S(K⋄,t(p
α))Q¯, O(1)
)
the largest torsion-free quotient of the
interior cohomology of S(K⋄,t(p
α)) and set
Vα(K) := en.o.H
2
!
(
S(K⋄,t(p
α))Q¯, O(1)
)
(δα)⊗H1e´t
(
X0(p)Q¯, O(1)
)
.
Then the modified Hirzebruch-Zagier cycles ∆◦α give rise to cohomology classes
κ◦α := AJ
e´t
p (∆
◦
α) ∈ H1
(
Q,Vα(K)
)
. (49)
Lemma 5.11. For α > 1 we have
(̟2, id)∗κ
◦
α+1 = (Up1 , id)κ
◦
α.
Proof. It follows from Proposition 5.6 and the commutativity of cycle class map and correspon-
dences.
Since Up1 acts invertibly on the nearly ordinary part, we may define
κn.o.α :=
(
U−αp1 , id
)
κ◦α ∈ H1
(
Q,Vα(K)
)
, (50)
then the equality
(̟2, id)∗κ
n.o.
α+1 = κ
n.o.
α , (51)
follows directly from the commutativity of Up1 with (̟2)∗ and Lemma 5.11.
Definition 5.12. We consider the inverse limit V∞(K) := lim←−αVα(K) taken with respect to
the trace maps (̟2)∗. Then equation (51) allows us to define
κn.o.∞ = lim←,α
κn.o.α ∈ H1
(
Q,V∞(K)
)
.
5.3 Specializations of the diagonal restriction of Λ-adic forms
Let
K ′det(p
α) := KX(p
α) ∩GL2(AQ) =
{
γ ∈ K ′0(pα)
∣∣∣ det(γ) ≡ 1 (mod pα)} ,
then there is a natural embedding ζ : Y (K ′det(p
α)) →֒ S(KX(pα)) of Shimura varieties fitting in
the following commutative diagram
Y (K ′det(p
α))(C) 
 ζ // S(KX(p
α))(C)
Tτ
pα
2 // S(K⋄,t(p
α))(C)
Y (K ′0(p
α))(C) 
 ζ // S(K⋄(p
α))(C)
να
OO
wpα2
66❧❧❧❧❧❧❧❧❧❧❧❧❧
.
(52)
Proposition 5.13. Let P ∈ Aχ(IG ) be an arithmetic point of weight (2tL, tL) and character
(χ◦θ
−1
L χ
−1,1) with χ a of conductor pα. Then
eordζ
∗
(
d•pG˘
[P]
)†
(P) = ap(̟p, g˘P)
α ·G(θ−1L,pχ−1p )−1 · eordζ∗
[
d−1µ (wpα2 )
∗(g˘P)
[P]
]
.
Proof. Combining Proposition 3.5 and Lemma 2.14 we see that,
eordζ
∗
(
d•pG˘
[P]
)†
(P) = ap(̟p, g˘P)
α ·G(θ−1L,pχ−1p )−1 · eordζ∗
[
d−1µ (g˘P|τ−1pα )[P]
]
⊗ θQχ♠.
The cuspform g˘P can be interpreted as a differential form on S(K⋄,t(p
α))(C), g˘P|τ−1pα =
(Tpα2 )
∗g˘ as a differential on S(KX(p
α))(C) and (wpα2 )
∗g˘P = ν
∗
α(g˘P|τ−1pα ) as a differential on
S(K⋄(p
α))(C). Since the morphism να : S(K⋄(p
α))(C) → S(KX(pα))(C) is the identity with
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respect to the complex uniformizations (Corollary 4.9), it preserves classical q-expansions. More
precisely for all ξ ∈ L+, every index i we have
a
(
ξ,
(
ν∗α(g˘P|τ−1pα )[P]
)
i
)
= a
(
ξ, (g˘P|τ−1pα )[P]i
)
.
Therefore, interpreting ν∗α(g˘P|τ−1pα ) and g˘P|τ−1pα as p-adic modular forms, we see that
a
(
ξ, d−1µ
(
(wpα2 )
∗(g˘P)
[P]
)
i
)
= a
(
ξ, d−1µ (g˘P|τ−1pα )[P]i
)
.
The diagonal restriction ζ∗
[
d−1µ (g˘P|τ−1pα )[P]
]
is a p-adic elliptic cuspform on Y (K ′det(p
α)). Its
twist ζ∗
[
d−1µ (g˘P|τ−1pα )[P]
]
⊗ θQχ♠ has character (ψ−1◦ ,1) and so descends to a p-adic cuspform on
Y (K ′0(p
α)) where it can be compared with ζ∗
[
d−1µ (wpα2 )
∗(g˘P)
[P]
]
. By Lemma 2.12, twisting by
θQχ♠ does not change the classical q-expansion of elliptic cuspforms on the identity component,
thus the equality
eordζ
∗
[
d−1µ (g˘P|τ−1pα )[P]
]
⊗ θQχ♠ = eordζ∗
[
d−1µ (wpα2 )
∗(g˘P)
[P]
]
follows from the q-expansion principle since Y (K ′0(p
α)) is geometrically connected.
6. Review of big Galois representations
LetQG = Frac(IG ), then the ordinary family G passing through a choice of ordinary p-stabilization
g
(p)
◦ has an associated big Galois representation ̺G : ΓL → GL2(QG ) acting on VG = (QG )⊕2
([Hid89a], Theorem 1). The representation ̺G is unramified outside Qp with determinant
det(̺G )(z) = φχ([z, 1]) · εL(z) ∀ z ∈ AL,f ,
and characteristic polynomial at a prime q ∤ Qp given by
det(1− ̺G (Frq)X) = 1− G (T(q))X + φχ([̟q, 1])NL/Q(q)X2.
Furthermore, fixing a decomposition group Dp in ΓL for an OL-prime p above p, there is an
unramified character ΨG ,p : Dp → I×G , Frp 7→ G (T(̟p)), such that ([Hid89a], Proposition 2.3)
(̺G )|Dp ∼
(
Ψ−1
G ,p · det(̺G )|Dp ∗
0 ΨG ,p
)
. (53)
Definition 6.1. Let
As(VG ) := ⊗-IndQL (VG )
denote the tensor induction of VG to ΓQ.
Definition 6.2. We define ηQ : ΓQ → Λ× to be the Galois character associated to the idele
character
A×Q ∋ z 7→
[
ηQ(z)
]
=
[
ξ−1z
]
Then the restriction (ηQ)|Dp at the decomposition group at p is the Galois character associated
by local class field theory to the homomorphism Q×p → Γ→ Λ×, x 7→
[〈x〉−1].
A direct computation shows that
As
(
det(̺G )
)
= ψ−1◦ · η2Q · η2Q. (54)
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Since pOL = p1p2 splits in the real quadratic field L, the decomposition group Dp is contained
in ΓL. Hence, the characters ΨG ,p can be interpreted as characters of Dp and it makes sense to
define
ΨG ,p := ΨG ,p1ΨG ,p2 . (55)
From equation (53) we can deduce a concrete description of the action of the decomposition
group at p on As(VG ).
Proposition 6.3. The restriction of As(VG ) to Dp admits a three step Dp-stable filtration
As(VG ) ⊃ Fil1As(VG ) ⊃ Fil2As(VG ) ⊃ 0
with graded pieces
Gr0As(VG ) = QG
(
ΨG ,p
)
, Gr2As(VG ) = QG
(
Ψ−1
G ,p ·
(
ψ−1◦ · η2Q · η2Q
)
|Dp
)
,
Gr1As(VG ) = QG
((
ΨG ,p1Ψ
−1
G ,p2
)−1 · (ψ−1◦,p1 · ηQ · ηQ)|Dp)⊕QG(ΨG ,p1Ψ−1G ,p2 · (ψ−1◦,p2 · ηQ · ηQ)|Dp)
where, for any prime p | p, we let ψ−1◦,p : Dp → O× be the unramified character determined by
ψ−1◦,p(Frp) = χ◦(Frp). In particular, ψ◦,p1 · ψ◦,p2 =
(
ψ◦
)
|Dp
.
Proof. Let V+
G
denote the subvector space of VG coming from the upper left corner in equation
(53), and V−
G
= VG /V
+
G
the dimension 1 quotient. We fix θ ∈ ΓQ \ ΓL and define
Fil2As(VG ) := V
+
G
⊗ (V+
G
)θ and Fil1As(VG ) := V
+
G
⊗ (VG )θ +VG ⊗ (V+G )θ,
then Fil2As(VG ) has dimension 1 over QG while Fil
1As(VG ) has dimension 3. By the description
in (53), Dp acts on Fil
2As(VG ) through the character Ψ
−1
G ,p ·
(
ψ−1◦ · η2Q · η2Q
)
|Dp
, while it acts on
the zero-th graded piece Gr0As(VG ) = V
−
G
⊗ (V−
G
)θ through ΨG ,p. Finally, the first graded piece
is
Gr1As(VG ) = QG
(
Ψ−1
G ,p1
ΨθG ,p1 · det(̺G )|Dp1
)
⊕QG
(
ΨG ,p1(Ψ
θ
G ,p1)
−1 · det(̺G )θ|Dp1
)
.
Using the identification Dp1 = Dp we see that Ψ
θ
G ,p1
= ΨG ,p2 and that
det(̺G )|Dp1 =
(
ψ−1◦,p1 · ηQ · ηQ
)
|Dp
, det(̺G )
θ
|Dp1
=
(
ψ−1◦,p2 · ηQ · ηQ
)
|Dp
.
Definition 6.4. Let Vf◦ denote the representation attached to the elliptic cuspform f◦ and let
As(VG )
† := As(VG )(θQ · η−1Q ).
The big Galois representation
V
†
G ,f◦
:= As(VG )
†(−1)⊗Vf◦ . (56)
interpolates Kummer self-dual Galois representations.
The explicit realization of V†
G ,f◦
in the cohomology of a tower of Shimura threefolds with
increasing level at p plays a crucial role in the understanding of the arithmetic applications of
Hirzebruch-Zagier classes. We conclude this section by analyzing the ordinary filtration at p.
Lemma 6.5. The restriction to a decomposition group at p of the Galois representation V†
G ,f◦
is
endowed with a 4-steps Dp-stable filtration with graded pieces given by
Gr0V†
G ,f◦
= QG
(
ΨG ,p · δp(f◦) ·
(
η−1Q · η−1Q
)
|Dp
)
, Gr3V†
G ,f◦
= QG
(
Ψ−1
G ,p · δp(f◦)−1 ·
(
ηQ · η2Q · θQ
)
|Dp
)
,
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Gr1V†
G ,f◦
= QG
(
ΨG ,p · δp(f◦)−1 ·
(
η−1Q · θQ · ψ◦
)
|Dp
)
⊕QG
((
ΨG ,p1Ψ
−1
G ,p2
)−1 · δp(f◦) · (ψ−1◦,p1)|Dp)⊕QG(ΨG ,p1Ψ−1G ,p2 · δp(f◦) · (ψ−1◦,p2)|Dp),
Gr2V†
G ,f◦
= QG
((
ΨG ,p1Ψ
−1
G ,p2
)−1 · δp(f◦)−1 · (ψ◦,p2 · εQ)|Dp)⊕QG(ΨG ,p1Ψ−1G ,p2 · δp(f◦)−1 · (ψ◦,p1 · εQ)|Dp)⊕QG(Ψ−1G ,p · δp(f◦) · (ηQ · ηQ · ψ−1◦ )|Dp).
Proof. As V†
G ,f◦
= As(VG )(η
−1
Q · η−1Q )⊗Vf◦ , its graded pieces are given by
Gr0V†
G ,f◦
= Gr0As(VG )(η
−1
Q · η−1Q )⊗Gr0Vf◦ ,
Gr1V†
G ,f◦
= [Gr0As(VG )(η
−1
Q · η−1Q )⊗Gr1Vf◦ ]⊕ [Gr1As(VG )(η−1Q · η−1Q )⊗Gr0Vf◦],
Gr2V†
G ,f◦
= [Gr1As(VG )(η
−1
Q · η−1Q )⊗Gr1Vf◦ ]⊕ [Gr2As(VG )(η−1Q · η−1Q )⊗Gr0Vf◦],
Gr3V†
G ,f◦
= Gr2As(VG )(η
−1
Q · η−1Q )⊗Gr1Vf◦ .
Hence, the statement follows from Proposition 6.3 and a direct computation.
Definition 6.6. We define the direct summand Vf◦
G
of Gr2V†
G ,f◦
by setting
Vf◦
G
:= QG
(
Ψ−1
G ,p · δp(f◦) ·
(
ηQ · ηQ · ψ−1◦
)
|Dp
)
.
6.1 Geometric realization
Definition 6.7. For the compact open K = V1(MOL) we define the anemic Hecke algebra
h˜n.o.L (K;O) ⊆ hn.o.L (K;O)
to be the O-subalgebra generated by the Hecke operators T(y) with yM = 1.
Given the Hida family G : hn.o.L (K;O)χ → IG we denote by
G♥ : h˜
n.o.
L (K;O)χ → IG (57)
its restriction to the anemic Hecke algebra. It is used to single out the part of Hecke modules
most relevant for our applications.
Definition 6.8. We define VG (M) to be the projective limit of
VG (M)α := en.o.H
2
!
(
S(K⋄,t(p
α))Q¯, O(2)
) ⊗G♥ IG (θQ · η−1Q ) ∀ α > 1
with respect to the trace maps (̟2)∗, and set
VG ,f◦(M) := VG (M)(−1) ⊗Vf◦(p)
where Vf◦(p) denotes the f◦-isotypic quotient of H
1
e´t
(
X0(p)Q¯, O(1)
)
.
Let δ : ΓQ → OJGL(K)K× be the projective limit of the Galois characters δα defined in (40),
then there is a natural surjection
prG ,f◦ : V∞(M)
// // VG ,f◦(M) (58)
because the Galois character G♥ ◦ δ : ΓQ → (IG )× satisfies
G♥ ◦ δ(σa) = φχ
(
[(1, a−1), (a, a−1)]
)
= θQ(a) · η−1Q (a).
∀ a ∈ Z×p
Proposition 6.9. If the Jordan-Holder factors of the residual representation As(VG )⊗IG Fp are
all distinct, then the IG -module VG (M) is endowed with a three step ΓQp-stable filtration
VG (M) ⊃ Fil1VG (M) ⊃ Fil2VG (M) ⊃ 0.
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Furthermore, there are IG -modules A,B,B
′,C with trivial ΓQp-action such that
Gr0VG (M) = A
(
ΨG ,p · (θQ · η−1Q )|Dp
)
, Gr2VG (M) = C
(
Ψ−1
G ,p ·
(
ψ−1◦ · εQ · ηQ · ηQ
)
|Dp
)
,
and the first graded piece is an extension
B
((
ΨG ,p1Ψ
−1
G ,p2
)−1 · (ψ−1◦,p1 · εQ)|Dp)   // Gr1VG (M) // // B′(ΨG ,p1Ψ−1G ,p2 · (ψ−1◦,p2 · εQ)|Dp).
Proof. By ([BL84], Chapter 3.4 & [Nek18], Theorem 5.20) there is a Galois equivariant injection
VG (M)α
  //
⊕
P
(
As(VGP)(θQ · χ♠,P)
)⊕n
(59)
where the sum taken over arithmetic points P ∈ Aχ(IG ) of weight (2tL, tL) and level pα and
where n is the number of divisors of M/Q. The right-hand side of (59) is endowed with a nearly
ordinary filtration (Proposition 6.3). Therefore, if we set IG ,α := IG ⊗ Λα, the Galois module
VG (M)α inherits a three step ΓQp-stable filtration consisting of IG ,α-modules
VG (M)α ⊃ Fil1VG (M)α ⊃ Fil2VG (M)α ⊃ 0.
Moreover, there are IG ,α-modules Aα,Bα,B
′
α,Cα with trivial ΓQp-action such that
Gr0VG (M)α = Aα
(
ΨG ,p · (θQ · η−1Q )|Dp
)
, Gr2VG (M)α = Cα
(
Ψ−1
G ,p ·
(
ψ−1◦ · εQ · ηQ · ηQ
)
|Dp
)
,
0 // Bα
((
ΨG ,p1Ψ
−1
G ,p2
)−1 · (ψ−1◦,p1 · εQ)|Dp) // Gr1VG (M)α // B′α(ΨG ,p1Ψ−1G ,p2 · (ψ−1◦,p2 · εQ)|Dp) // 0.
Since the Jordan-Holder factors of the residual representation As(VG )⊗IG Fp are all distinct, the
characters appearing in the graded pieces of VG (M)α are all distinct. It follows that the Galois
equivariant transition maps VG (M)α+1 → VG (M)α respect the filtration and the claim follows
by taking projective limits.
Remark 6.10. Recall the primitive eigenform g◦ ∈ StL,tL(Q;χ◦;O) and denote by αi, βi the
eigenvalues of ̺g◦(Frpi) for p1, p2 the OL-prime ideals above p. Thanks to Proposition 6.3, the
Jordan-Holder factors of the residual representation As(VG ) ⊗IG Fp are all distinct if and only
if the products α1α2, α1β2, β1α2, β1β2 are all distinct in Fp.
Let K/Q be a non-totally real S5-quintic extension whose Galois closure contain a real
quadratic field L. Recall there is a parallel weight one Hilbert eigenform gK over L such that
As(̺gK )
∼= IndQK1− 1 ([For19], Corollary 4.2).
Proposition 6.11. If p 6= 5 is a rational prime unramified in K whose Frobenius conjugacy class
is that of 5-cycles in S5, then p splits in L and the residual ΓQp-representation
(
As(̺gK )⊗ Fp
)
|Dp
has distinct Jordan-Holder factors.
Proof. The representation As(̺gK ) : ΓQ → GL4(O) factors through the Galois group of the
Galois closure of K. As a representation of the symmetric group S5 it is isomorphic to the
irreducible 4-dimensional direct summand of the permutation representation of S5 acting on 5
elements. If p 6= 5 is a rational prime unramified in K whose Frobenius conjugacy class is that
of 5-cycles in S5, then the decomposition group Dp is cyclic of order 5 and we can conclude by
noting that
(
As(̺gK )⊗Fp
)
(Frp) has four distinct eigenvalues given by the non-trivial 5-th roots
of unity.
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6.2 Hodge-Tate numerology
Let g be a primitive Hilbert cuspform over L of weight (ℓtL, tL) and normalize Hodge-Tate
weights by stating that the character εQ has weight −1. Then for every OL-prime ideal p | p, the
restriction
(
Vg
)
|Dp
has a Dp-stable filtration
0 // V+p //
(
Vg
)
|Dp
// V−p // 0
where V+p is a one-dimensional subrepresentation with Hodge-Tate weights equal to 1 − ℓ and
V−p is a one-dimensional quotient with Hodge-Tate weights equal to 0 ([Hid91], Introduction).
Therefore, the twist
V†g := Vg
(
η
2−ℓ
2
L
)
has Hodge-Tate weights at p given by {− ℓ2 , ℓ−22 }τ∈IL,p . As in Propostion 6.3, when pOL = p1p2
splits, the restriction at p of the Asai representation
As
(
V†g
)
|Dp
=
(
V†g
)
|Dp1
⊗ (V†g)|Dp2 ,
is endowed with a 3-step Dp-stable filtration
As
(
V†g
) ⊃ Fil1As(V†g) ⊃ Fil2As(V†g) ⊃ {0}
whose graded pieces have dimension 1, 2 and 1 respectively and whose Hodge-Tate weights are
given in the following table.
Graded piece Hodge-Tate weights
Gr0As(V†g) ℓ− 2
Gr1As(V†g) (−1,−1)
Gr2As(V†g) −ℓ
Furthermore, as in Lemma 6.5, the restriction at p of the ΓQ-representation
V†g,f◦ = As
(
V†g
)
(−1)⊗Vf◦
inherits a 4-step Dp-stable filtration
V†g,f◦ ⊃ Fil1V
†
g,f◦
⊃ Fil2V†g,f◦ ⊃ Fil3V
†
g,f◦
⊃ {0}
with graded pieces of dimension 1, 3, 3 and 1 respetively and whose Hodge-Tate weights are
presented in the following table.
Graded piece Hodge-Tate weights
Gr0V†g,f◦ ℓ− 1
Gr1V†g,f◦ (ℓ− 2, 0, 0)
Gr2V†g,f◦ (−1, −1, 1− ℓ)
Gr3V†g,f◦ −ℓ
Corollary 6.12. The Hodge-Tate weights of Fil2V†g,f◦ are all strictly negative if and only if
ℓ > 2.
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6.3 Local cohomology classes
From now onward we suppose that the Jordan-Holder factors of the residual representation
As(̺◦)⊗O Fp are all distinct. Then, by Proposition 6.9, the Galois module VG ,f◦(M) has a 4-step
Dp-stable filtration, and the Galois action on its graded pieces is given by characters appearing
in Lemma 6.5.
Lemma 6.13. The natural map
H1(Qp,Fil
2
VG ,f◦(M)) −→ H1(Qp,VG ,f◦(M))
induced by the Dp-stable filtration is an injection.
Proof. Lemma 6.5 implies that
H0(Qp,Gr
1
VG ,f◦(M)) = 0, H
0(Qp,Gr
0
VG ,f◦(M)) = 0.
Therefore taking the long exact sequence in Galois cohomology associated with the short exact
sequence of Dp-modules
0 // Gr1VG ,f◦(M)
// VG ,f◦(M)/Fil
2 // Gr0VG ,f◦(M)
// 0,
we deduce that H0(Qp,VG ,f◦(M)/Fil
2) = 0 and the lemma follows.
6.3.1 Local properties.
Definition 6.14. The IG -adic cohomology class attached to the pair (G , f◦) is the projection
κG ,f◦ := prG ,f◦(κ
n.o.
∞ ) ∈ H1
(
Q,VG ,f◦(M)
)
.
We denote its restriction at the decomposition group at p by
κp(G , f◦) := locp(κG ,f◦) ∈ H1
(
Qp,VG ,f◦(M)
)
.
Consider the following element of the ring IG
ξG ,f◦ :=
(
1− αf◦χ◦(p1)G
(
T(̟p1)
−1T(̟p2)
))(
1− αf◦χ◦(p2)G
(
T(̟p1)T(̟p2)
−1
))
. (60)
Proposition 6.15. We have
ξG ,f◦ · κp(G , f◦) ∈ H1
(
Qp,Fil
2
VG ,f◦(M)
)
.
Proof. We follow the argument of ([DR17], Proposition 2.2). The module
VG ,f◦(M)α = VG (M)α ⊗Vf◦(p)
is realized as a quotient of H3e´t
(
Z†α(K)cQ¯, O(2)
)
for ι : Z†α(K) →֒ Z†α(K)c the smooth compactifi-
cation appearing in the proof of Proposition 5.9. Let
H1f
(
Qp,VG ,f◦(M)α
) ⊆ H1g(Qp,VG ,f◦(M)α) ⊆ H1(Qp,VG ,f◦(M)α)
denote the finite and geometric parts of the local Galois cohomology ([BK90], Section 3). The pu-
rity conjecture for the monodromy filtration holds for the middle cohomology of Hilbert modular
varieties by work of Saito and Skinner ([Sai09], [Ski09]), and hence for the middle cohomology
of Z†α(K)c. Therefore, the image of κp(G , f◦) in H
1
(
Qp,VG ,f◦(M)α
)
lies in H1g
(
Qp,VG ,f◦(M)α
)
=
H1f
(
Qp,VG ,f◦(M)α
)
by ([Nek00], Theorem 3.1).
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Lemma 6.5 shows that VG ,f◦(M)α is an ordinary ΓQp-representation in the sense of ([Wes05],
Section 1.1). Therefore, one can deduce that
H1f
(
Qp,VG ,f◦(M)α
)
= ker
(
H1
(
Qp,VG ,f◦(M)α
)→ H1(Ip,VG ,f◦(M)α/Fil2))
using Corollary 6.12 and the argument in the proof of ([Fla90], Lemma 2). In particular, the
class κp(G , f◦) has trivial image in the projective limit
lim
←,α
H1
(
Ip,VG ,f◦(M)α/Fil
2
) ∼= H1(Ip,VG ,f◦(M)/Fil2),
and consequently the image of κp(G , f◦) in H
1
(
Qp,VG ,f◦(M)/Fil
2
)
lies in
H1
(
Qurp /Qp,
(
VG ,f◦(M)/Fil
2
)Ip) ∼= ker(H1(Qp,VG ,f◦(M)/Fil2)→ H1(Ip,VG ,f◦(M)/Fil2)).
Taking into account Lemma 6.13, we are left to show that
ξG ,f◦ · H1
(
Qurp /Qp,
(
VG ,f◦(M)/Fil
2
)Ip) = 0.
By choosing the arithmetic Frobenius Frp we can make the identification Gal(Q
ur
p /Qp)
∼= Ẑ and
compute that
H1
(
Qurp /Qp,
(
VG ,f◦(M)/Fil
2
)Ip) ∼= (VG ,f◦(M)/Fil2)Ip/(Frp − 1).
Considering the short exact sequence
0→ Gr1VG ,f◦(M)→ VG ,f◦(M)/Fil2 → Gr0VG ,f◦(M)→ 0
and the vanishing (Lemma 6.5 & Proposition 6.9)
H0
(
Ip,Gr
0
VG ,f◦(M)
)
= lim
←,α
H0
(
Ip,Gr
0
VG ,f◦(M)α
)
= 0,
we deduce that
(
VG ,f◦(M)/Fil
2
)Ip = (Gr1VG ,f◦(M))Ip sits in a short exact sequence
D
((
ΨG ,p1Ψ
−1
G ,p2
)−1 · δp(f◦) · (ψ−1◦,p1)|Dp)   // (VG ,f◦(M)/Fil2)Ip // // D′(ΨG ,p1Ψ−1G ,p2 · δp(f◦) · (ψ−1◦,p2)|Dp)
where D,D′ are IG -modules with trivial Galois action. Therefore, if we set
ξG ,f◦ =
(
1− αf◦χ◦(p1)G
(
T(̟p1)
−1T(̟p2)
))(
1− αf◦χ◦(p2)G
(
T(̟p1)T(̟p2)
−1
))
the claim follows.
In light of Proposition 6.15, from now on we replace the ring IG and the various modules
over it with their respective localizations at the multiplicative set generated by ξG ,f◦ . Observe
that the arithmetic specializations of ξG ,f◦ never vanish: for any P ∈ A(IG ), the specialization
P ◦ G (T(̟p1)−1T(̟p2)) is an algebraic integer with complex absolute value 1, whereas αf◦ has
complex absolute value p1/2.
Corollary 6.16. With the above convention in place,
κp(G , f◦) ∈ H1
(
Qp,Fil
2
VG ,f◦(M)
)
.
Definition 6.17. Let V f◦
G
(M) := Fil2VG (M)⊗Gr0Vf◦(−1) and denote by
κf◦p (G ) ∈ H1
(
Qp,V
f◦
G
(M)
)
the image of κp(G , f◦) under the natural surjection Fil
2
VG ,f◦(M)։ V
f◦
G
(M).
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Remark 6.18. The local Galois group ΓQp acts on V
f◦
G
(M) through the character
Ψ−1
G ,p · δp(f◦) ·
(
ηQ · ηQ · ψ−1◦
)
|Dp
.
7. Big pairing
7.1 Algebra interlude
Recall Γ = 1 + pZp, Γα = Γ/Γ
pα , Λα = O[Γα] and E℘ = Frac(O).
Definition 7.1. Let Πα = (Λα ⊗O E℘) and define
Π := lim
←,α
Πα. (61)
Let (Mα)α be a projective system where each Mα is a Πα-module, then the projective limit
M = lim←−αMα inherits a Π-module structure. Any finite order character χ : Γ → C
×
p factors
through Γα for some α > 1, and determines a homomorphism
χ :M −→Mα ⊗χ Cp, x 7→ χ(x). (62)
Lemma 7.2. Let M = lim←−αMα be a projective limit where each Mα is a flat Πα-module. Then
x ∈M equals zero if and only if χ(x) = 0 for every finite order character χ : Γ→ C×p .
Proof. Let x = (xα)α ∈ M be such that χ(x) = 0 for every finite order character χ : Γ → C×p .
By definition, this means that for every α > 1
χ(xα) = 0 ∀ χ : Γα → C×p .
Then flatness of Mα and the injectivity of the homomorphism ⊕χ : Πα →֒ ⊕χCp, where the sum
is taken over all the characters of Γα, implies the injectivity of
⊕χ :Mα →֒ ⊕χ(Mα ⊗χ Cp).
We deduce xα = 0 for every α > 1.
We are interested in generalizing the vanishing criterion of Lemma 7.2 to Π-modules of the
form I ⊗ΛΠ where I is an algebra which is finitely generated and flat over Λ. We start with a
couple of technical lemmas.
Lemma 7.3. If A։ B is a surjective morphism of Λ-modules then
lim
←,α
(
A⊗ΛΠα
)
։ lim
←,α
(
B ⊗ΛΠα
)
.
Proof. Let Q = ker(A→ B), and κα = ker(A⊗Πα → B ⊗Πα) for every α > 1, then there is a
commutative diagram
Q⊗Πα
%% %%▲▲
▲▲
▲▲
▲▲
▲▲
▲
**❯❯❯
❯❯❯
❯❯❯
❯❯❯
❯❯❯
❯❯❯
❯

κα
  //

A⊗Πα //

B ⊗Πα //

0
Q⊗Πα−1
%% %%▲▲
▲▲
▲▲
▲▲
▲▲
▲
**❯❯❯
❯❯❯
❯❯❯
❯❯❯
❯❯❯
❯❯
κα−1
  // A⊗Πα−1 // B ⊗Πα−1 // 0
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Since tensoring by ⊗ΛΠα is right exact, Q⊗Πα ։ κα is surjective for every α > 1. Therefore
the transition map κα → κα−1 is surjective for every α > 1 and lim1
←,α
κα = 0 as required.
Lemma 7.4. Suppose I is a finitely generated, flat Λ-module. Then
I⊗ΛΠ ∼−→ lim
←,α
(
I⊗ΛΠα)
is a projective limit of flat Πα-modules.
Proof. Since Λ is Noetherian, I is finitely presented, and thus fits in an exact sequence of the
form
(Λ)⊕m → (Λ)⊕n → I→ 0. (63)
Tensoring is right exact, hence we deduce presentations for I⊗ΛΠ and I⊗ΛΠα:
(Π)⊕m → (Π)⊕n → I⊗ΛΠ→ 0, (Πα)⊕m → (Πα)⊕n → I⊗ΛΠα → 0.
Now it suffices to show that
(Π)⊕m → (Π)⊕n → lim
←,α
(I ⊗ΛΠα)→ 0
is exact. The surjectivity of (Π)⊕n ։ lim←−α (I⊗ΛΠα) follows from Lemma 7.3, so we are left to
prove exactness at the middle of the sequence. Let Q = ker(Λ⊕n → I), then Q comes equipped
with a surjection Λ⊕m ։ Q because (63) is a presentation. Moreover,
Q⊗ΛΠα = ker
(
(Πα)
⊕n → I⊗ΛΠα
)
because TorΛ1 (I,Πα) = 0 as I is a flat Λ-module. Therefore,
lim
←,α
(Q⊗ΛΠα) = ker
(
(Π)⊕n ։ lim
←,α
(I⊗ΛΠα)
)
and we are left to show that the induced map Π⊕m → lim←−α (Q⊗ΛΠα) is surjective, which it is
because of Lemma 7.3.
Lemma 7.4 shows that the vanishing criterion of Lemma 7.2 applies to any Π-module of the
form I⊗ΛΠ for I a finitely generated and flat Λ-module.
When comparing the automorphic and motivic p-adic L-functions in Section 10 we will be
interested in the case I = IG and we will have information about the specializations at arithmetic
points of weight 2. Observe that if P ∈ Aχ(IG ) has weight (2tL, tL) and level pα then it induces
a map
P : IG ⊗ΛΠ −→ Cp, x 7→ P(x).
The following vanishing criterion will be of crucial importance.
Theorem 7.5. An element x ∈ IG ⊗Λ Π equals zero if and only if P(x) = 0 for all arithmetic
points P ∈ Aχ(IG ) of weight (2tL, tL).
Proof. By Lemma 7.4, IG ⊗Λ Π ∼→ lim←−α(IG ⊗Λ Πα), thus an element x ∈ IG ⊗Λ Π is equal to
zero if and only if its image xα ∈ IG ⊗ΛΠα is equal to zero for every α > 1. As in the proof of
Lemma 7.2 there is an injection
IG ⊗ΛΠα →֒
⊕
χ
(
IG ⊗Λ,χ Cp
)
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because IG is Λ-flat. Let pχ be the kernel of χ : Λ→ Cp and denote by Λpχ the localization, then
IG ⊗ΛΛpχ is finite e´tale over Λpχ because Hida families are finite e´tale over arithmetic points of
weight > 2tL ([Hid89b]). Therefore
(IG ⊗Λ Λpχ)⊗Λpχ Cp ∼= IG ⊗Λ,χ Cp
is a finite product of copies of Cp, indexed by the arithmetic points P ∈ Aχ(IG ) above pχ. In
summary
IG ⊗Λ,χ Cp ∼=
⊕
P
Cp
the sum over the arithmetic points P ∈ Aχ(IG ) of weight (2tL, tL) and the claim follows.
7.2 Generalizing Ohta
Definition 7.6. For a Λ-algebra I we define the space of ordinary I-adic cuspforms of tame level
K and character χ to be
S
ord
L (K;χ; I) := HomΛ-mod
(
hn.o.L (K;O)⊗φχ Λ, I
)
.
Let G ∈ SordL (K;χ;Λ) then exact control for the nearly ordinary Hecke algebra implies that
extending scalars for G to Λα produces a Λα-module homomorphism
G α : h
ord
2tL,tL(K⋄,t(p
α);O) −→ Λα.
Since Λα =
⊕
σ∈Γα
O · [σ], we may write G α =
⊕
σ∈Γα
Gα,σ−1 · [σ], and the Λα-linearity implies
Gα,σ−1(−) = Gα,1([σ]−). In order to lighten the notation we write Gα for the Hilbert cuspform
Gα := Gα,1 ∈ Sord2tL,tL(K⋄,t(pα);O).
The compatibility
hord2tL,tL(K⋄,t(p
α+1);O)

Gα+1 // Λα+1

hord2tL,tL(K⋄,t(p
α);O)
Gα // Λα
translates into ∑
σ∈ker(Γα+1→Γα)
Gα+1([σ]−) = Gα(−),
or equivalently,
(µ)∗Gα+1 = (π1)
∗
Gα. (64)
Lemma 7.7. There is a Hecke-equivariant morphism
Ω
∞ : S
ord
L (K;χ; IG ) −→ DdR
(
H2n.o.(K⋄,t(p
∞);E℘)
)⊗Λ IG ,
where
DdR(H
2
n.o.(K⋄,t(p
∞);E℘)) := lim
←,̟2
DdR
(
en.o.H
2
! (S(K⋄,t(p
α))Q¯, E℘)
)
.
Proof. Pushing forward equation (64) along π2 gives (̟2)∗Gα+1 = UpGα. Hence, the collection
(U−αp Gα)α is compatible under projection along ̟2. The map
S
ord
L (K;χ;Λ) −→ lim←,̟2 S
ord
2tL,tL
(K⋄,t(p
α);O), G 7→ (U−αp Gα)α
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combined with the inclusion
Sord2tL,tL(K⋄,t(p
α);E℘)
  // DdR
(
en.o.H
2
!
(
S(K⋄,t(p
α))Q¯, E℘
))
gives
Ω
∞ : S
ord
L (K;χ;Λ) −→ DdR
(
H2n.o.
(
K⋄,t(p
∞), E℘
))
. (65)
Since Λ is Noetherian and hn.o.L (K;O) ⊗φχ Λ is finite over Λ, the Hecke algebra is also finitely
presented as a Λ-module. As IG is flat over Λ it follows that
S
ord
L (K;χ; IG ) ≃ SordL (K;χ;Λ)⊗Λ IG .
The claimed Hecke equivariant morphism is obtained from (65) by extension of scalars.
Definition 7.8. For M a h˜n.o.L (K;O)χ-module we denote by
M [G♥] :=
{
m ∈M | Tm = G♥(T )m ∀T ∈ h˜n.o.L (K;O)
}
its G♥-isotypic submodule.
Consider the Hecke module
H2n.o.(K⋄,t(p
∞);BdR) := lim
←,̟2
en.o.H
2
! (S(K⋄,t(p
α))Q¯;E℘)⊗Qp BdR.
As the Hecke action commute with the Galois action, there is an induced map
DdR
(
H2! (K⋄,t(p
∞);E℘)
)
[G♥] −→ H2n.o.(K⋄,t(p∞);BdR)[G♥]ΓQp . (66)
Definition 7.9. We let
Ω
G : S
ord
L (K;χ; IG )[G♥] −→ H2n.o.(K⋄,t(p∞);BdR)[G♥]ΓQp
be the composition of the Hecke equivariant map
Ω
∞ with (66).
7.2.1 Big pairing. Let mα ∈ A×L,f be the image of the integer Mpα and consider the matrix
τα =
(
0 −1
mα 0
)
∈ GL(Af ). (67)
If we denote by (−)∗ : GL(Af ) → GL(Af ) the involution g∗ = det(g)−1g, then for every α > 1
there is a morphism λα : S(K⋄,t(p
α))→ S(K⋄,t(pα)) defined as the composition
S(K⋄,t(p
α))
λα //
Tτα
((PP
PP
PP
PP
PP
PP
S(K⋄,t(p
α))
S(ταK⋄,t(p
α))
(−)∗
66♥♥♥♥♥♥♥♥♥♥♥♥
.
(68)
Lemma 7.10. If σ ∈ ΓQ corresponds to a ∈ A×f under the global Artin map, then
〈∆(a−1), 1〉 ◦ λα ◦ σ = σ ◦ λα
where ∆ : Af →֒ AL,f is the natural inclusion. In particular, λα is defined over Q(ζMpα).
Proof. This is a standard computation using the reciprocity laws of Shimura varieties at CM
points. We will sketch a proof below following the notations of ([Mil05], Chapters 12 and 13).
40
Hirzebruch-Zagier classes and rational elliptic curves over quintic fields
Let x ∈ H2 be a CM point defined over E. Suppose σ ∈ Aut(C/E) and choose s ∈ A×E so that
s corresponds to σ|Q¯ under the reciprocal of the global Artin map. Then we have the following
commutative diagram
[x, h] ∈ S(ταK⋄,t(pα))
σ

(−)∗ // [x,det(h)−1h] ∈ S(K⋄,t(pα))
σ

[x, rx(s)h] ∈ S(ταK⋄,t(pα))
(−)∗◦〈det(rx(s)),1〉// [x,det(h)−1rx(s)h] ∈ S(K⋄,t(pα))
where rx(s) = NE/Q(µx(sf )) as defined as in ([Mil05], Chapter 12, equation (52)), and µx :
Gm → G is the E-rational cocharacter of G characterized by µx(z) = hx,C(z, 1) for z ∈ C. In the
case of Hilbert modular varieties, det(µx) is the natural embedding Gm →֒ ResL/QGm and thus
det(rx(s)) = NE/Q(sf ) ∈ A×f . By functoriality of class field theory, NE/Q(sf ) ∈ A×f corresponds
to σ|Q¯, seen inside ΓQ. Therefore for any σ ∈ ΓQ, corresponding to a ∈ A×f under the global
Artin map and fixing the reflex field of a CM point, we have
〈∆(a−1), 1〉 ◦ λα ◦ σ = σ ◦ λα
because points of the form [x, h] for a fixed x are Zariski dense ([Mil05], Lemma 13.5), and the
map Tτα is defined over Q. Clearly such σ’s generate Aut(C/Q), and thus the above relation
holds for all σ ∈ Aut(C/Q).
A direct calculation shows that
π1,p ◦ λα+1 = λα ◦ π2,p, π2,p ◦ λα+1 = λα ◦ π1,p,
so that
Up = (λα)∗ ◦ U∗p ◦ (λα)∗. (69)
Consider the group
Gα⋄,t(K) := K0(p
α)O×L /K⋄,t(pα)O×L
of diamond operators acting on S(K⋄,t(p
α)). There is an inclusion
Γα →֒ Gα⋄,t(K), z 7→
(
∆(z) 0
0 ∆(z)
)
,
where ∆ : 1+ pZp →֒ 1+ pOp denotes the diagonal embedding. Under this inclusion, an element
z ∈ Γα acts on cohomology as the diamond operator 〈∆(z), 1〉. We define a twisted group-ring-
valued pairing at finite level
{ , }α : H2e´t
(
K⋄,t(p
α);O(2)
) ×H2e´t(K⋄,t(pα);O) −→ Λα
by
{xα, yα}α =
∑
z∈Γα
〈
〈∆(z), 1〉∗xα, (λα)∗ ◦ Uαp yα
〉
α
[z−1], (70)
where the Poincare´ pairing 〈 , 〉α is defined modulo torsion.
Proposition 7.11. The pairing { , }α is Λα-bilinear and all the Hecke operators are self-adjoint
with respect to it. In particular, { , }α induces a pairing on nearly ordinary parts.
Proof. The Hecke operator Up is self-adjoint with respect to { , }α because U∗(̟p) and Up are
adjoint with respect the Poincare´ pairing and equation (69). A similar argument works for all the
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other Hecke operators T (̟q) (or U(̟q) if q |Mp). To check Λα-bilinearity, let b be any element
in Γα, then we have 〈∆(b), 1〉 ◦ λα = λα ◦ 〈∆(b)−1, 1〉, which implies
λ∗α ◦ 〈∆(b), 1〉∗ = 〈∆(b), 1〉∗ ◦ λ∗α.
Therefore
{xα, 〈∆(b), 1〉∗yα}α =
∑
z∈Γα
〈
〈∆(z), 1〉∗xα, (λα)∗ ◦ Uαp ◦ 〈∆(b), 1〉∗yα
〉
α
[z−1]
=
∑
z∈Γα
〈
〈∆(zb), 1〉∗xα, (λα)∗ ◦ Uαp yα
〉
α
[z−1]
= [b]{xα, yα}α.
and similarly
{〈∆(b), 1〉∗xα, yα}α = [b]{xα, yα}α.
Lemma 7.12. The finite Galois covering µ : S(K⋄,t(p
α+1))→ S(K⋄,t(pα)∩K0(pα+1)) induces an
isomorphism
µ∗ : H2e´t
(
K⋄,t(p
α) ∩K0(pα+1);E℘(2)
) −→ H2e´t(K⋄,t(pα+1);E℘(2))Iα+1⋄,t (K),
where Iα+1⋄,t (K) = ker(G
α+1
⋄,t (K)→ Gα⋄,t(K)) is the Galois group.
Proof. The claim follows by analyzing the Hochschild-Serre spectral sequence
Ep,q2 = H
p
(
Iα+1⋄,t (K),H
q
e´t(K⋄,t(p
α+1);E℘(2))
)
=⇒ Hp+qe´t
(
K⋄,t(p
α) ∩K0(pα+1);E℘(2)
)
.
It degenerates at the second page because Ep,q2 = 0 for all p > 0 as I
α+1
⋄,t (K) is a finite group and
Hqe´t(K⋄,t(p
α+1);E℘(2)) is an E℘-vector space.
Proposition 7.13. Let pα+1 : Λα+1 → Λα be the homomorphism induced by the natural
projection Γα+1 → Γα. Then the diagram
H2e´t
(
K⋄,t(p
α+1);O(2)
) ×H2e´t(K⋄,t(pα+1);O) {,}α+1//
(̟2)∗×(̟2)∗

Λα+1
pα+1

H2e´t
(
K⋄,t(p
α);O(2)
) ×H2e´t(K⋄,t(pα);O) {,}α // Λα
commutes.
Proof. We prove the proposition through a direct computation. Since the pairing is defined
modulo torsion, it suffices to prove the lemma after inverting p. We have
pα+1
({xα+1, yα+1}α+1) = pα+1( ∑
z∈Γα+1
〈
〈∆(z), 1〉∗xα+1, (λα+1)∗ ◦ Uα+1p yα+1〉
〉
α+1
[z−1]
)
=
∑
b∈Γα
〈 ∑
z∈Γα+1, z 7→b
〈∆(z), 1〉∗xα+1, (λα+1)∗ ◦ Uα+1p yα+1
〉
α+1
[b−1].
Note that ∑
z∈Γα+1, z 7→b
〈∆(z), 1〉∗xα+1 =
∑
z∈Γα+1, z 7→b
〈∆(z)−1, 1〉∗xα+1
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is invariant under the action of Iα+1⋄,t (K), and thus equals to (µ)
∗ηb for some ηb ∈ H2e´t
(
K⋄,t(p
α)∩
K0(p
α+1);E℘(2)
)
by Lemma 7.12. We compute that
pα+1 ◦ {xα+1, yα+1}α+1 =
∑
b∈Γα
〈
(µ)∗ηb, (λα+1)
∗ ◦ Uα+1p yα+1
〉
α+1
[b−1]
=
∑
b∈Γα
〈
ηb, (µ)∗ ◦ (λα+1)∗ ◦ Uα+1p yα+1
〉
α
[b−1]
=
∑
b∈Γα
〈
ηb, (λα+1)
∗ ◦ Uαp ◦ (̟2)∗ ◦ (π1)∗yα+1
〉
α
[b−1]
=
∑
b∈Γα
〈
(π2)∗ηb, (λα+1)
∗ ◦ Uαp ◦ (̟2)∗yα+1
〉
α
[b−1].
(71)
Observing that
(π2)∗ηb =
1
deg(µ)
· (π2)∗ ◦ (µ)∗
( ∑
z∈Γα+1, z 7→b
〈∆(z)−1, 1〉∗xα+1
)
= 〈∆(b)−1, 1〉∗ ◦ (̟2)∗xα+1
= 〈∆(b), 1〉∗ ◦ (̟2)∗xα+1,
we obtain the claim
pα+1 ◦ {xα+1, yα+1}α+1 = {(̟2)∗xα+1, (̟2)∗yα+1}α.
Extending scalars in the pairing {, }α in (70), restricting to the G♥-isotypic subspace in the
second argument and taking projective limits gives
{ , }G :
(
VG (M)(θ
−1
Q · ηQ)
)
⊗̂ZpẐurp ×H2n.o.(K⋄,t(p∞);BdR)[G♥] −→
(
lim←−
α
BdR[Γα]
)
⊗Λ IG .
Proposition 7.14. Let Θ = (ηQ · ηQ)|ΓQp , then the pairing
{ , }G : VG (M)(Θ−1)⊗̂ZpẐurp ×H2n.o.(K⋄,t(p∞);BdR)[G♥] −→
(
lim←−
α
BdR[Γα]
)
⊗Λ IG (−ψ◦ − 1)
is ΓQp-equivariant.
Proof. Let σ ∈ ΓQp such that a ∈ Q×p corresponds to σ via the local Artin map. Lemma 7.10
implies
(λα)
∗ ◦ σ∗ = 〈∆(a−1), 1〉∗ ◦ σ∗ ◦ (λα)∗,
which, combined with (70) yields{
σ∗(xα), σ
∗(yα)
}
α
=
∑
z∈Γα
〈
σ∗ ◦ 〈∆(z), 1〉∗xα, σ∗ ◦ 〈∆(a−1), 1〉∗ ◦ (λα)∗ ◦ Uαp yα
〉
α
[z−1]
=
∑
z∈Γα
〈
〈∆(za), 1〉∗xα, (λα)∗ ◦ Uαp yα
〉
α
[z−1]
= [a]
{
xα, yα
}
α
where in the second equality we used the Galois equivariance of the Poincare´ pairing
〈 , 〉α : H2e´t(S(K⋄,t(pα))Q¯, O(2)) ×H2e´t(S(K⋄,t(pα))Q¯, O)→ O.
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As
G♥([∆(a), 1]) = χ(∆(a))
[
ξ−tL∆(a)
]
= ψ−1◦ (a) · θ−2Q (a) · η2Q(a),
we see that {
σ∗(xα), σ
∗(yα)
}
α
= ψ−1◦ (a) · θ−2Q (a) · η2Q(a) · {xα, yα}α.
Therefore, the pairing { , }G
VG (M)(θ
−1
Q · ηQ)⊗̂ZpẐurp ×H2n.o.(K⋄,t(p∞);BdR)[G♥] −→
(
lim←−
α
BdR[Γα]
)
⊗Λ IG (ψ−1◦ · θ−2Q · η2Q).
is ΓQp-equivariant and the claim follows by twisting.
7.3 On Dieudonne´ modules
Given f∗◦ ∈ Sord2,1 (N ;ψ−1◦ ;Q) an ordinary elliptic cuspform, one can define a linear map
ϕ : Sord2,1 (V1,0(N, p);ψ
−1
◦ ;Q) −→ Q, h 7→
〈
h, f∗(p)◦
〉〈
f
∗(p)
◦ , f
∗(p)
◦
〉
which satisfies ϕ(T ∗(ℓ)h) = ap(ℓ, f◦) · ϕ(h). As in ([DR17], Section 2.3 & Equation (118)) we can
give the following definition.
Definition 7.15. Let η◦ ∈ H1dR(X0(p))ord,ur[f∗◦ ] denote the unique class that satisfies
Φ(η◦) = αf∗◦ · η◦
and for any h ∈ Sord2,1 (V1,0(N, p);ψ−1◦ ;Q)〈
ωh, (λ1)
∗η◦
〉
dR
= ϕ(h).
Remark 7.16. For any φ ∈ Sord2,1 (V1,0(N, p);ψ◦;Q) we have〈
ωφ, η◦
〉
dR
= ϕ
(
(λ1)∗φ
)
=
〈
(λ1)∗φ, f
∗(p)
◦
〉〈
f
∗(p)
◦ , f
∗(p)
◦
〉 .
The Hecke equivariant twist of the Poincare´ pairing
{ , }Q : H1e´t(X0(p)Q¯, O)×H1e´t(X0(p)Q¯, O(1)) −→ O,
{
x, y
}
Q
=
〈
x, (λ1)
∗y
〉
dR
(72)
induces a ΓQp-equivariant perfect pairing on f◦-isotypic components
{ , }f◦ : Vf◦(p)(−1)×Vf◦(p) −→ O(ψ◦).
Furthermore, by looking at the Galois action, one sees that Fil1Vf◦(p)(−1) and Fil1Vf◦(p) are
orthogonal with respect to { , }f◦ . Therefore there is an induced perfect pairing
{, }f◦ : Gr0Vf◦(p)(−1) × Fil1Vf◦(p) −→ O(ψ◦). (73)
which we can use to make the identification
DdR(Fil
1Vf◦(p))
∼−→ HomE℘
(
DdR
(
Gr0Vf◦(p)(−1)
)
, E℘
)
.
Definition 7.17. We denote by
η′◦ ∈ DdR(Fil1Vf◦(p))
the element corresponding to the homomorphism
DdR
(
Gr0(Vf◦(p))(−1)
) −→ E℘, ωφ 7→ 〈ωφ, η◦〉dR.
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It satisfies {
ω, η′◦
}
f◦
=
〈
ω, η◦
〉
dR
∀ ω ∈ DdR
(
Gr0Vf◦(p)(−1)
)
.
Proposition 7.18. Let U f◦
G
(M) = Fil2VG (M)(Θ
−1) ⊗ Gr0Vf◦(p)(−1), then there exists a ho-
momorphism of IG -modules〈
, ω
G˘
⊗ η′◦
〉
: D
(
U
f◦
G
(M)
) −→ Π⊗Λ IG
whose specialization at any arithmetic point P ∈ Aχ(IG ) of weight 2 is
P ◦
〈
, ω
G˘
⊗ η′◦
〉
=
〈
, (λα)
∗ω
G˘P
⊗ η◦
〉
dR
: DdR
(U f◦
GP
(M)
) −→ Cp.
where U f◦
GP
(M) = U f◦
G
(M)⊗IG ,P E℘.
Proof. By tensoring the ΓQp-equivariant pairing of Proposition 7.14 with the ΓQp equivariant
pairing in (73), we obtain
U
f◦
G
(M)⊗̂ZpẐurp ×H2n.o.(K⋄,t(p∞);BdR)[G♥]⊗O Fil1Vf◦(p) −→ (lim←−
α
BdR[Γα])⊗Λ IG (−1).
Restricting the pairing to ΓQp-invariants we obtain〈
,
〉
: D
(
U
f◦
G
(M)
) ×H2n.o.(K⋄,t(p∞);BdR)[G♥]ΓQp ⊗Qp DdR(Fil1Vf◦(p)) −→ Π⊗Λ IG (74)
because
H2n.o.(K⋄,t(p
∞);BdR)[G♥]
ΓQp ⊗QpDdR
(
Fil1Vf◦(p)
) ⊆ (H2n.o.(K⋄,t(p∞);BdR)[G♥]⊗OFil1Vf◦(p))ΓQp
and (
lim←−
α
BdR(−1)[Γα]
)ΓQp ⊗Λ IG ∼= ( lim←−
α
Qp[Γα]
)
⊗Λ IG = Π⊗Λ IG .
Let ω
G˘
:=
Ω
G (G˘ ) ∈ H2n.o.(K⋄,t(p∞);BdR)[G♥]ΓQp be the class represented by the compatible
collection (U−αp G˘α)α of cuspforms, and let η
′
◦ ∈ DdR
(
Fil1Vf◦(p)
)
be the class of Definition 7.17.
Then evaluating the pairing (74) at ω
G˘
⊗ η′◦ gives the homomorphism〈
, ω
G˘
⊗ η′◦
〉
: D
(
U
f◦
G
(M)
) −→ Π⊗Λ IG . (75)
Now we study the specialization of the pairing at arithmetic points P ∈ Aχ(IG ) of weight
(2tL, tL) and character (χ◦θ
−1
L χ
−1) of level pα. Let
z =
∑
i
xi ⊗ yi ∈ D
(
U
f◦
G
(M)
)
=
(
Fil2VG (M)(Θ
−1)⊗Gr0Vf◦(p)(−1)
)ΓQp
be any element, then by construction〈
z, ω
G˘
⊗ η′◦
〉
=
∑
i
{
xi, ωG˘
}
G
· {yi, η′◦}f◦ .
Firstly we note that {
yi, η
′
◦
}
f◦
=
〈
yi, η◦
〉
dR
,
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then we observe that the projection of
{
xi, ωG˘
}
G
to level α is{
xi,α, U
−α
p G˘α
}
α
=
∑
z∈Γα
〈
〈∆(z), 1〉∗xi,α, (λα)∗ ◦ Uαp U−αp G˘α
〉
[z−1]
=
∑
z∈Γα
〈
xi,α, (λα)
∗ ◦ 〈∆(z), 1〉∗G˘α
〉
[z−1].
Therefore
P ◦ {xi, ωG˘ }G = 〈xi,α, (λα)∗∑
z
χ♠(z
−1)〈∆(z)−1, 1〉∗G˘α
〉
=
〈
xi,α, (λα)
∗
G˘P
〉
=
〈
xi,P, (λα)
∗
G˘P
〉
where the last equality results from the Λα-equivariance of the twisted Poincare´ pairing. It follows
that
P ◦
〈
z, ω
G˘
⊗ η′◦
〉
=
〈
zP, (λα)
∗ω
G˘P
⊗ η◦
〉
dR
.
8. Motivic p-adic L-functions
8.1 Perrin-Riou’s regulator
Let P ∈ Aχ(IG ) be an arithmetic point of weight (ℓtL, tL) and character (χ◦θ1−ℓL χ−1,1), then
Θ(P) = χ−1
♠
· (ηℓ−1Q )|Dp
has negative Hodge-Tate weight if ℓ > 2. In the case of the arithmetic point P◦ of weight (tL, tL)
and character (χ◦,1)
Θ(P◦) ≡ 1
with Hodge-Tare weight equal to zero. The Galois modules U f◦
G
(M) is unramified and
V
f◦
G
(M) = U f◦
G
(M)(Θ)
Therefore, if we let V f◦gP(M) = V f◦G (M)⊗IG ,P E℘, there are isomorphisms
logBK : H
1
(
Qp,V f◦gP(M)
) ∼−→ DdR(V f◦gP(M)), if P has weight ℓ > 2,
exp∗BK : H
1
(
Qp,V f◦gP◦ (M)
) ∼−→ DdR(V f◦gP◦ (M)), if P = P◦, (76)
since V f◦gP(M) never contains Qp(1) nor the trivial 1-dimensional representation.
Lemma 8.1. Let β : Z×p → E×β be a finite order character of conductor pα, corresponding
to a Galois character β : ΓQp → E×β factoring through Gal(Qp(ζpα)/Qp). Consider the ΓQp-
representation Eβ
(
β + j
)
, then the Eβ-vector space
DdR
(
Eβ(β + j)
)
= Eβ · bβ,j.
has a canonical basis bβ,j.
Proof. For any j ∈ Z, the choice of a compatible sequence of p-power roots of unity ζ := {ζpα}α>0
determines a basis ζj of the ΓQp-representation Qp(j) and an element t
−j ∈ BdR such that the
element ζj⊗t−j gives a canonical basis of DdR
(
Qp(j)) independent of ζ. We consider models of the
ΓQp-representations Eβ(β), Eβ(−β) appearing in the Galois modules Eβ ⊗Qp Qp(ζpα) where ΓQp
46
Hirzebruch-Zagier classes and rational elliptic curves over quintic fields
acts only on the second factor by Galois automorphisms. For a character α : Gal(Qp(ζpα)/Qp)→
E×β the element
θα =
∑
τ∈Gal(Qp(ζpα )/Qp)
α−1(τ)⊗ ζτpα ∈ Eβ ⊗Qp Qp(ζpα)
satisfies (θα)
σ = α(σ)θε for all σ ∈ ΓQp . Then Eβ(β) ∼= Eβ · θβ and Eβ(−β) ∼= Eβ · θβ−1 . We
choose the model Eβ · θβ ⊗ ζj of the ΓQp-representation Eβ(β + j) and we note that
bβ,j := (θβ ⊗ ζj)⊗Eβ (θβ−1 ⊗ t−j) ∈ Eβ(β + j)⊗Qp BdR
is invariant under the ΓQp-action and it is independent of the choice of ζ. Therefore, we deduce
that DdR
(
Eβ(β + j)
)
has bβ,j as canonical Eβ-basis.
Write ΛΓ for OJZ
×
p K, then by ([KLZ17], Theorem 8.2.3) and ([LZ14], Theorem 4.15 – Theorem
B.5) there is a
(
IG ⊗̂ΛΓ
)
-linear map
L : H1
(
Qp,U
f◦
G
(M)⊗̂ΛΓ(−j)
) −→ D(U f◦
G
(M)
)⊗̂ΛΓ
such that for all points P ∈ Hom(IG ,Qp) and all characters of Z×p of the form η · εjQ where j ∈ Z
and η has finite order, we have a commutative diagram
H1
(
Qp,U
f◦
G
(M)⊗̂ΛΓ(−j)
)

L // D
(
U
f◦
G
(M)
)⊗̂ΛΓ

H1
(
Qp,U f◦GP(M)(−j − η)
)
// DdR
(U f◦
GP
(M)(−j − η))
where the rightmost vertical map is
D(U f◦
G
(M))⊗̂ΛΓ −→ DdR
(U f◦
GP
(M)(−j − η)), x⊗ [u] 7→ ηεjQ(u) · xP ⊗ bη−1,−j,
and the bottom horizontal map is given by
(
1− α1,gPα2,gPα−1f∗◦ · η(Frp)pj
)(
1− α−11,gPα−12,gPαf∗◦ · η−1(Frp)p−j−1
)−1
cond(η) = 0
(
α1,gPα2,gPα
−1
f∗◦
· η(p)p1+j
)cond(η)
G(η)−1 cond(η) > 0
(77)
×

(−1)−j−1
(−j−1)! · logBK j < 0
j! · exp∗BK j > 0.
We pull back the map L by the automorphism of IG ⊗̂ΛΓ given by
1⊗ [z] 7→ Θ(z)−1 · 1⊗ [z],
by functoriality of the construction of L we obtain
H1
(
Qp,V
f◦
G
(M)⊗̂ΛΓ(−j)
)

L
′
//
(
D
(
U
f◦
G
(M)
)⊗̂ΛΓ)⊗̂ΘΛΓ
id⊗Θ−1

H1
(
Qp,U
f◦
G
(M)⊗̂ΛΓ(−j)
)
L // D
(
U
f◦
G
(M)
)⊗̂ΛΓ.
(78)
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Proposition 8.2. There is an homomorphism
L
f◦
G
: H1
(
Qp,V
f◦
G
(M)
) −→ D(U f◦
G
(M)
)
satisfying the following properties:
(i) For all arithmetic points P ∈ Aχ(IG ) of weight (ℓtL, tL), ℓ > 2, and character (χ◦θ1−ℓL χ−1,1),
νP ◦Lf◦G =
(−1)ℓ−2
(ℓ− 2)! ·Υ(P) ·
(
logBK ◦ P
)
where Υ(P) =
(
α1,gPα2,gPα
−1
f∗◦
p2−ℓ
)α
·G(χ♠ · θℓ−1Q|Dp)−1.
(ii) For the arithmetic point P◦ ∈ Aχ(IG ) of weight one,
νP◦ ◦Lf◦G = Υ(P◦) ·
(
exp∗BK ◦ P◦
)
where Υ(P◦) =
(
1− α1,gP◦α2,gP◦α−1f∗◦
)(
1− α−11,gP◦α
−1
2,gP◦
αf∗◦ · p−1
)−1
.
Proof. First, we note that the map Θ⊗ id : ΛΓ⊗̂ΘΛΓ ∼→ ΛΓ is an isomorphism, hence L′ can be
seen as a homomorphism L′ : H1
(
Qp,V
f◦
G
(M)⊗̂ΛΓ(−j)
) −→ D(U f◦
G
(M)
)⊗̂ΛΓ. For any arithmetic
point P ∈ Aχ(IG ), there is a commutative diagram
H1
(
Qp,V
f◦
G
(M)⊗̂ΛΓ(−j)
)

L
′
// D
(
U
f◦
G
(M)
)⊗̂ΛΓ

H1
(
Qp,V f◦gP(M)
)
// DdR
(V f◦gP(M))
obtained by composing (78) with specialization at point P and character
Θ(P)−1 = χ♠ ·
(
ε1−ℓQ · θℓ−1Q
)
|Dp
.
Then, using (77), the bottom horizontal map can be computed to be
(−1)ℓ−2
(ℓ− 2)! ·
(
α1,gPα2,gPα
−1
f∗◦
p2−ℓ
)α
G
(
χ♠ · θℓ−1Q|Dp
)−1 · logBK .
Similarly, when considering the arithmetic point P◦, the relevant character is the trivial character
Θ(P◦)
−1 ≡ 1, and the bottom horizontal map can be seen to be(
1− α1,gP◦α2,gP◦α−1f∗◦
)(
1− α−11,gP◦α
−1
2,gP◦
αf∗◦ · p−1
)−1 · exp∗BK .
In order to define the claimed homomorphism Lf◦
G
, we note that if we consider
β : IG ⊗̂ΛΓ −→ IG , 1⊗ [u] 7→ 〈u〉[u],
then for all P ∈ Aχ(IG ) the following diagram commutes
IG ⊗̂ΛΓ
P⊗Θ(P)−1
''PP
PP
PP
PP
PP
PP
P
β // IG
P

O.
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Therefore, the composition
H1
(
Qp,V
f◦
G
(M)
)
H1
(
Qp,id⊗1
)

L
f◦
G // D
(
U
f◦
G
(M)
)
H1
(
Qp,V
f◦
G
(M)⊗̂ΛΓ(−j)
)
L
′
// D
(
U
f◦
G
(M)
)⊗̂ΛΓ
β
OO
satisfies the claimed properties.
8.1.1 The motivic p-adic L-function. Recall we have the class κf◦p (G ) ∈ H1
(
Qp,V
f◦
G
(M)
)
.
Definition 8.3. The motivic p-adic L-function is defined as
L
mot
p (G˘ , f◦) :=
〈
L
f◦
G
(
κf◦p (G )
)
, ω
G˘
⊗ η′◦
〉
∈ Π⊗Λ IG .
9. p-adic Gross-Zagier formulas
The main goal of this section is to give a formula for certain values of the syntomic Abel-Jacobi
map in terms of p-adic modular forms. Given the definition of the motivic p-adic L-functiom in
terms of the pairing introducted in Section 7, we will be interested in the values
AJsyn
(
∆◦α
)(
(λα)
∗ω
G˘P
⊗ η◦
) ∈ Cp
9.1 P -syntomic cohomology
Let K/Qp be finite extension, we denote by K0 the maximal unramified subfield of K and by q
be the cardinality of the residue field.
Definition 9.1. A filtered (ϕ,N,ΓK)-module over K is a finite dimensional Q
ur
p -vector space D
endowed with a Qurp -semilinear bijective Frobenius endomorphism ϕ and a Q
ur
p -linear monodromy
operator N satisfying Nϕ = pϕN . The absolute Galois group ΓK acts Q
ur
p -semilinearly on D
and there is a decreasing, separated, exhaustive filtration of the K-vector space
DK :=
(
D ⊗Qurp Q¯p
)ΓK
by K-vector subspaces FiliDK .
One writes Dst for the K0-vector space D
ΓK of ΓK-invariant elements. A filtered (ϕ,N,ΓK)-
module D such that the ΓK-action is unramified and N = 0 is said to be crystalline. In this case
one can show that
D = Dst ⊗K0 Qurp and DK = Dst ⊗K0 K.
Definition 9.2. A crystalline filtered (ϕ,N,ΓK)-module over K is said to be convenient for a
choice of polynomial P (T ) ∈ 1+ TK[T ] if P (Φ) and P (qΦ) are bijective endomorphisms of DK ,
where Φ denotes the extension of scalars of the K0-linear operator ϕ
[K0:Qp] on Dst.
For a variety X/K , we let H
•
HK(Xh) and H
•
dR(Xh) be the extensions of Hyodo-Kato and
de-Rham cohomologies defined by Beilinson [Bei13] and by
ιBdR : H
•
HK(Xh)⊗K0 K −→ H•dR(Xh)
the comparison morphism relating them (which is an isomorphism if X has a semistable model
over OK). For the filtered (ϕ,N,ΓK)-modules D•(Xh) = Dpst
(
H•et(XK ,Qp)
)
it was shown by
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Beilinson [Bei13] that
D•(Xh)st = H
•
HK(Xh) and D
•(Xh)K = H
•
dR(Xh).
9.1.1 Cohomology of filtered (ϕ,N,ΓK)-modules. For a polynomial P (T ) ∈ 1 + TK[T ] one
can define the complex
C•st,P (D) : Dst,K ⊕ Fil0DK −→ Dst,K ⊕Dst,K ⊕DK −→ Dst,K
where the first map is (u, v) 7→ (P (Φ)u,Nu, u− v), and the second is (w, x, y) 7→ Nw−P (qΦ)x.
The cohomology of this complex is denoted by
H•st,P (D) := H
•(C•st,P (D)).
Theorem 9.3. ([BLZ16] Theorem 2.1.2) There is a P -syntomic descent spectral sequence
Ei,j2 = H
i
st,P
(
Dj(Xh)(r)
)
=⇒ Hi+jsyn,P (Xh, r)
compatible with cup products.
9.2 Syntomic Abel-Jacobi map
Let X/K be a smooth d-dimensional variety. The commutativity of the following diagram
CHi(X)
clsyn
vv♠♠♠
♠♠
♠♠
♠♠
♠♠
♠♠
clet
''PP
PP
PP
PP
PP
PP
H2isyn(XK,h, i)
ρsyn //

H2iet(XK ,Qp(i))

Gr0syn _

// Gr0et
H0st,1−T (D
2i(Xh)(i))
∼ // H2iet(XK ,Qp(i))
ΓK
(79)
where ρsyn is Nekova´rˇ-Niziol period morphism, follows from the compatibility of the syntomic
descent spectral sequence for syntomic cohomology and the Hochshield-Serre spectral sequence
for e´tale cohomology ([BLZ16] Theorem 2.1.2).
Remark 9.4. The bottom horizontal map of diagram (79) is an isomorphism by ([BLZ16] Theorem
1.1.4), hence the middle horizontal map is injective.
Therefore, if we let
CHi(X)0 := ker
(
clet : CH
i(X) −→ H2iet(XK ,Qp(i))ΓK
)
denote the subgroup of null-homologous cycles, then the syntomic and the p-adic e´tale Abel-
Jacobi maps can be compared
CHi(X)0
AJsyn
vv❧❧❧
❧❧
❧❧
❧❧
❧❧
❧❧
❧
AJetp
))❘❘
❘❘
❘❘
❘❘
❘❘
❘❘
❘❘
H1st,1−T (D
2i−1(Xh)(i))
expst // H1(K,H2i−1et (XK ,Qp(i)))
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through the generalized Bloch-Kato exponential map.
Furthermore, if V is a quotient of H2i−1et (XK ,Qp(i)) such that D = Dpst(V ) is a convenient
quotient of D2i−1(Xh)(i) with respect to the polynomial 1−T , then the natural inclusion DK →֒
C1st,1−T (D) induces an isomorphism
DK
Fil0DK
∼= H1st,1−T (D),
and one can refine the comparison to
CHi(X)0
AJsyn,D
xxrrr
rr
rr
rr
r AJetp,V
&&▼▼
▼▼
▼▼
▼▼
▼▼
DK/Fil
0 expBK // H1e(K,V ).
Remark 9.5. Recall ([BK90] Definition 3.10) that the Bloch-Kato exponential surjects onto
H1e(K,V ) and its kernel is given by Dcris(V )
ϕ=1/H0(K,V ). In particular, when Dcris(V )
ϕ=1 = 0
we can write
AJsyn,D = logBK ◦AJetp,V where logBK = exp−1BK .
If we let D∗(1) denote the Tate dual of D, which is a submodule of D2(d−i)+1(Xh)(d+1− i),
then DK/Fil
0 =
(
Fil0D∗(1)K
)∨
and we can write
AJsyn,D : CH
i(X)0 −→
(
Fil0D∗(1)K
)∨
. (80)
9.2.1 Evaluation using P -syntomic cohomology. Let ∆ ∈ CHi(X)0 be a null-homologous
cycle. For any class
η ∈ Fil0D∗(1)K ⊂ Fild+1−iH2(d−i)+1dR (Xh),
choose a polynomial P (T ) ∈ 1 + TK[T ] such that P (1) 6= 0, P (q−1) 6= 0 and η ∈ H0st,P (D∗(1))
([BLZ16] Proposition 1.4.3). Suppose that η is in the kernel of the ”knight’s move” map
H0st,P
(
D2(d−i)+1(Xh)(d + 1− i)
) −→ H2st,P (D2(d−i)(Xh)(d+ 1− i)),
so that η can be lifted to syntomic cohomology. Then for any choice of lift η˜ ∈ H2(d−i)+1syn,P
(
Xh, d+
1− i) we can write
AJsyn,D(∆)(η) = trX,syn,P
(
clsyn(∆) ∪ η˜
)
(81)
thanks to the compatibility of the P -syntomic descent spectral sequence with cup products
Fil1H2isyn,1−T
(
Xh, i
)

× H2(d−i)+1syn,P
(
Xh, d+ 1− i
)

// H2d+1syn,P
(
Xh, d+ 1
)
/Fil2 ∼= K
∼

H1st,1−T
(
D2i−1(Xh)(i)
)

× H0st,P
(
D2(d−i)+1(Xh)(d+ 1− i)
)
// H1st,P
(
Dpst(Q(1))
) ∼= K
H1st,1−T (D) × H0st,P (D∗(1))
?
OO
// H1st,P
(
Dpst(Q(1))
) ∼= K.
9.3 Abel-Jacobi map of Hirzebruch-Zagier cycles
For every arithmetic point P ∈ Aχ(IG ) of weight 2 and level pα, the Galois representation
VgP is crystalline as a ΓQp(ζpα )-representation. Throughout this subsection, we will consider
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all our geometric structures, including the moduli schemes and the cycles, to be defined over
Fα := Qp(ζpα). Similarly, we will regard all Galois representations, as well as Deudonnee´ functors,
to be defined with respect to the absolute Galois group ΓFα .
The specialization at P of VG ,f◦(M) is a quotient of H
3
e´t(Zα(K)F ,Qp(2)) such that
DgP,f◦ := Dpst
(VGP,f◦(M)) (82)
is a convenient quotient of D3(Zα(K))(2). Furthermore, DgP,f◦
∼= (DgP,f◦)∗(1) since the Galois
representation VGP,f◦(M) is Kummer self-dual.
Definition 9.6. Let ωP ∈ en.o.Fil2H2dR(S(K⋄,t(pα))/Fα) be the de Rham cohomology class
associated with the specialization
g˘P ∈ Sn.o.2tL,tL
(
K⋄,t(p
α);χ◦θ
−1
L χ
−1,1;O
)
of the KG -adic cuspform G˘ .
Recall the class η◦ of Definition 7.15, then the tensor product (λα)
∗ωP ⊗ η◦ belongs to the
convenient (ϕ,N,ΓFα)-module (DgP,f◦)
∗(1)Fα
∼= (DgP,f◦)Fα and it makes sense to try to evaluate
AJsyn
(
∆◦α
)(
(λα)
∗ωP ⊗ η◦
)
= AJsyn
(
(λα, id)∗∆
◦
α
)(
ωP ⊗ η◦
)
.
We use the functoriality of the formation of the syntomic Abel-Jacobi map to move the
computation on a Hilbert-Blumenthal variety where the theory of overconvergent p-adic Hilbert
cuspforms with level at p was developed by Kisin and Lai in ([KL05]).
Lemma 9.7. The following equality holds
λα ◦ wpα2 = 〈̟αp2 , 1〉 ◦ wpα2 ◦ λα.
Proof. By definition wpα2 = Tτp2 ◦ να and λα = (−)∗ ◦ Tτα , thus by a direct calculation using
complex uniformizations one sees that
λα ◦ Tτp2 = 〈̟αp2 , 1〉 ◦ Tτp2 ◦ λα.
The claim follows because να◦λα = λα◦να as the determinant of τα defining λα isMpα ∈ Q×+.
The diagonal embedding ζ : Y (K ′0(p
α))→ S(K⋄(pα)) naturally factors
Y (K ′0(p
α))
ζ //
ζ ''❖❖
❖❖
❖❖
❖❖
❖❖
❖
S∗(K∗⋄ (p
α))
ξ

S(K⋄(p
α))
through a map to a Hilbert-Blumenthal variety ζ : Y (K ′0(p
α)) → S∗(K∗⋄ (pα)), denoted by the
same symbol.
Lemma 9.8. Let Z∗⋄ (p
α) := S∗(K∗⋄ (p
α))×X0(p) and consider the null-homologous cycle
Ξ◦α := (id, εf∗◦ )∗(λα ◦ ζ, π1,α)∗[Y (K ′0(pα))] ∈ CH2(Z∗⋄ (pα))0(Fα)⊗Z Zp
then
(λα, id)∗∆
◦
α = (wpα2 ◦ ξ, id)∗Ξ◦α.
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Proof. Using Lemma 9.7 we compute
(λα, id)∗∆
◦
α = (λα, id)∗(id, εf◦)∗(〈̟αp2 , 1〉 ◦ wpα2 ◦ ζ, π1,α)∗[Y (K ′0(pα))]
= (id, εf∗◦ )∗(〈̟−αp2 , 1〉 ◦ λα ◦ wpα2 ◦ ζ, π1,α)∗[Y (K ′0(pα))]
= (id, εf∗◦ )∗(〈̟−αp2 , 1〉 ◦ 〈̟αp2 , 1〉 ◦ wpα2 ◦ λα ◦ ζ, π1,α)∗[Y (K ′0(pα))]
= (id, εf∗◦ )∗(wpα2 ◦ λα ◦ ζ, π1,α)∗[Y (K ′0(pα))]
= (wpα2 ◦ ξ, id)∗Ξ◦α.
Therefore we are left to compute the right-hand side of the following equation
AJsyn
(
(λα, id)∗∆
◦
α
)(
ωP ⊗ η◦
)
= AJsyn
(
Ξ◦α
)(
ω⋄P ⊗ η◦
)
(83)
where the de Rham cohomology class
ω⋄P := (wpα2 ◦ ξ)∗ωP ∈ Fil2H2dR(S∗(K∗⋄ (pα))/Fα)
is associated with the cuspform
g˘⋄P := (να ◦ ξ)∗(g˘P|τ−1pα2 ) ∈ S2tL,tL
(
K∗⋄ (p
α);O
)
.
9.3.1 Back to syntomic cohomology. If R(T ), Q(T ) ∈ 1+T ·Fα[T ] are polynomials such that
the cohomology classes R(p−2Φ)ω⋄P and Q(Φ)η◦ are zero, then
ω⋄P ∈ H0st,R
(
D2(S∗(K∗⋄ (p
α)))(2)
)
, η◦ ∈ H0st,Q
(
D1(X0(p))
)
and it is often possible to lift them to syntomic cohomology.
Lemma 9.9. Suppose that Q(p) 6= 0, then there exists lifts
ω˜⋄P ∈ H2syn,R(S∗(K∗⋄ (pα)), 2), η˜◦ ∈ H1syn,Q(X0(p), 0)
of ω⋄P and η◦ to syntomic cohomology.
Proof. Let S∗(K∗⋄ (p
α))c denote the minimal resolution of the Baily-Borel compactification of
S∗(K∗⋄ (p
α)). As the class ω⋄P extends to the smooth compactification, it suffices to show ω
⋄
P
can be lifted to the syntomic cohomology of S∗(K∗⋄ (p
α))c. The algebraic surface S∗(K∗⋄ (p
α))c
is simply connected, hence H2st,R
(
D1(S∗(K∗⋄ (p
α))c)(2)
)
= 0 and the descent spectral sequence
([BLZ16] Theorem 2.1.2) produces a surjection
H2syn,R(S
∗(K∗⋄ (p
α))c, 2)։ H0st,R
(
D2(S∗(K∗⋄ (p
α))c)(2)
)
which proves the first claim. In the modular curve case, we compute that
H2st,Q
(
D0(X0(p))
)
= H2st,Q
(
Dpst(Qp)
)
= Fα/Q(p)Fα
is zero as long as Q(p) 6= 0. Hence, there is a surjection H1syn,Q(X0(p), 0) ։ H0st,Q
(
D1(X0(p))
)
whenever Q(p) 6= 0.
It follows from equations (81) and (83) that if (R ⋆ Q)(1) 6= 0 and (R ⋆ Q)(p−1) 6= 0 we can
evaluate the syntomic Abel-Jacobi map as
AJsyn
(
(λα, id)∗∆
◦
α
)(
ωP ⊗ η◦
)
= trZ∗⋄(pα),R⋆Q
(
clsyn
(
Ξ◦α
) ∪ (ω˜⋄P ⊗ η˜◦)).
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Moreover, the projection formula ([BLZ16], Theorem 2.5.3) computes the syntomic trace for
Z⋄(p
α) as a syntomic trace for the curve Yα = Y (K
′
⋄(p
α))
AJsyn
(
(λα, id)∗∆
◦
α
)(
ωP ⊗ η◦
)
=
〈
(ζ ◦ λα)∗ω˜⋄P, (π1,α)∗η˜◦
〉
Yα,R⋆Q
(84)
where we used the equality (εf◦)
∗η◦ = η◦.
9.3.2 Explicit cup product formulas. In order to continue the computation of syntomic regu-
lators it is convenient to make the choice of lifts more explicit. Any lift ω˜⋄P ∈ H2syn,R(S∗(K∗⋄ (pα)), 2)
of ω⋄P can be explicitly described ([BLZ16] Section 2.4) as
ω˜⋄P =
[
u, ω⋄P;w
]
where u ∈ RΓB,2HK(S∗(K∗⋄ (pα))), w ∈ RΓB,1HK(S∗(K∗⋄ (pα)))
satisfy du = 0, dw = R(p−2Φ)u, and ιBdR(u) = ω
⋄
P. Similarly, a lift η˜◦ ∈ H1syn,Q(X0(p), 0) of η◦
can be described as
η˜◦ = [u
′, η◦;w
′] where u′ ∈ RΓB,1HK(X0(p)), w′ ∈ RΓB,0HK(X0(p))
satisfy du′ = 0, dw′ = Q(Φ)u′ and ιBdR(u
′) = η◦. Their cup product can be described as follows:
consider two polynomials a(T1, T2) and b(T1, T2) such that
(R ⋆ Q)(T1T2) = a(T1, T2)R(T1) + b(T1, T2)Q(T2),
then the class
(ζ ◦ λα)∗ω˜⋄P ∪ (π1,α)∗η˜◦ ∈ H3syn,R⋆Q(Yα, 2)
is represented by [u′′, v′′;w′′] = [0, 0;w′′] ([BLZ16], Proposition 2.4.1) where,
u′′ = (ζ ◦ λα)∗u ∪ (π1,α)∗u′ = 0, v′′ = (ζ ◦ λα)∗ω⋄P ∪ (π1,α)∗η◦ = 0
for dimension reasons, and
w′′ = a(p−2Φ,Φ)((ζ ◦ λα)∗w ∪ (π1,α)∗u′) + b(p−2Φ,Φ)((ζ ◦ λα)∗u ∪ (π1,α)∗w′)
= a(p−2Φ,Φ)((ζ ◦ λα)∗w ∪ (π1,α)∗u′).
Therefore, combining (84) with the definition of the syntomic trace map ([BLZ16], Definition
3.1.2 & Equation (2)) we obtain
AJsyn
(
(λα, id)∗∆
◦
α
)(
ωP ⊗ η◦
)
= trYα,R⋆Q
(
(ζ ◦ λα)∗ω˜⋄P ∪ (π1,α)∗η˜◦
)
= −ιBdR
(
(R ⋆ Q)(Φ)−1w′′
)
=
−1
(R ⋆ Q)(p−1)
· a(p−2Φ, αf∗◦ )
[
(λα)
∗ζ∗[ιBdR(w)] ∪dR (π1,α)∗η◦
]
(85)
where the last equality follows the facts that η◦ is a eigenvector for Φ of eigenvalue αf∗◦ and the
Frobenius endomorphism of Dpst(Qp(1))st,Fα is multiplication by p
−1.
9.4 Relation to p-adic modular forms
The modular curve X0(p) admits a proper regular model X0(p)/Zp whose special fiber is the
union of two curves, each isomorphic to the special fiber of X(V1(N)). One writes {W∞,W0} for
the standard admissible covering of X0(p) = X0(p)
an by wide open neighborhoods obtained as
the inverse image under the specialization map of the two distinguished curves in the special
fiber. The two opens are interchanged by the involution λ1 : X0(p)→ X0(p) defined over Qp(ζp).
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The de Rham cohomology group H1dR(X0(p)/Qp) is endowed with an action of a Frobenius map
Φ commuting with the Up operator and the ordinary unit root subspace
H1dR(X0(p)/Qp)
ord,ur ⊆ eordH1dR(X0(p)/Qp)
is spanned by the eigenvectors of Φ whose eigenvalue is a p-adic unit. As in ([DR17], Lemma 4.2)
the natural map induced by restriction
resW∞ : H
1
dR(X0(p)/Qp)
ord,ur 0−→ H1rig(W∞)
is trivial, while
resW0 : H
1
dR(X0(p)/Qp)
ord,ur[φ]
∼−→ H1rig(W0)[φ]
is an isomorphism for any eigenform φ ∈ S2,1(V1,0(N, p);Q).
Lemma 9.10. For any ω ∈ H1dR(X(K ′0(pα))/Qp) the de Rham pairing〈
(λα)
∗ω, (π1,α)
∗η◦
〉
dR
=
〈
eordω, (π2,α)
∗(λ1)
∗η◦
〉
dR
depends only on the p-adic cuspform associated to eordω.
Proof. Since the class η◦ ordinary and eord ◦ (π1,α)∗ = (π1,α)∗ ◦ eord we can compute〈
(λα)
∗ω, (π1,α)
∗η◦
〉
dR
=
〈
e∗ord(λα)
∗ω, (π1,α)
∗η◦
〉
dR
=
〈
(λα)
∗eordω, (π1,α)
∗η◦
〉
dR
as λ−1α = λα ◦ 〈−1, 1〉 =
〈
eordω, (π1,α ◦ λα)∗η◦
〉
dR
=
〈
eordω, (λ1 ◦ π2,α)∗η◦
〉
dR
.
The class η◦ is supported on the wide open W0. Hence, from the explicit description of the
Poincare´ pairing in ([DR17], Equation (109)) and the fact that the involution λ1 : X0(p)→ X0(p)
interchanges W0 with W∞ we see that the pairing depends only on resW∞(pα)
(
eordω
)
.
Therefore, we are left to describe eordζ
∗[ιBdR(w)] in terms of p-adic cuspforms.
Definition 9.11. Let S∗⋄(p
α) denote the Qp-scheme S
∗(K∗⋄ (p
α)) with its minimal compactifica-
tion S
∗
⋄(p
α)min. For a choice of toroidal compactification S
∗
⋄(p
α)tor we write D for the boundary
divisor S
∗
⋄(p
α)tor\S∗⋄(pα) and we will use the same symbols to denote the associated rigid analytic
spaces.
Following ([KL05], Section 3.2.2) we let
jtor : S
∗
⋄(p
α)torord →֒ S∗⋄(pα)tor, jmin : S∗⋄(pα)minord →֒ S∗⋄(pα)min (86)
denote the open immersions of the rigid analytic subspaces parametrizing ordinary abelian sur-
faces and the unramified cusps. By ([KL05], Equation 3.2.4) the pullback of a fundamental
system of strict neighborhoods of the ordinary loci at level p0 provides a fundamental system
of strict neighborhoods at level pα. In particular, S
∗
⋄(p
α)minord has a fundamental system of strict
neighborhoods consisting of affinoid subdomains.
The class eordζ
∗[ιBdR(w)] depends only on the image of [ι
B
dR(w)] in the rigid cohomology of
S
∗
⋄(p
α)torord because the image of the wide open W∞(p
α) ⊆ Y0(pα) under the morphism ζ : Y0(pα)→
S∗⋄(p
α) is contained in S
∗
⋄(p
α)torord. Conveniently, the rigid cohomology of S
∗
⋄(p
α)torord can be computed
using overconvergent cuspforms for the group G∗ defined as in ([TX16], Section 3.3).
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Proposition 9.12. The complex of spaces of overconvergent cuspforms
S†0,0(K
∗
⋄ (p
α))
(d1,d2) // S†(2,0),(1,0)(K
∗
⋄ (p
α))⊕ S†(0,2),(0,1)(K∗⋄ (pα))
−d2⊕d1 // S†2tL,tL(K
∗
⋄ (p
α))
computes the rigid cohomology groups
H•rig,c
(
S
∗
⋄(p
α)torord
)
:= H•
(
S
∗
⋄(p
α)tor, (jtor)
† Ω⋆
S
∗
⋄(p
α)tor
(−D)
)
.
Proof. This can be proved as ([TX16], Theorem 3.5).
Corollary 9.13. Let p be an OL-prime ideal above p. For any overconvergent cuspform g ∈
S†2tL,tL(K
∗
⋄ (p
α)) there exist p-depleted overconvergent forms g1 ∈ S†(2,0),(1,0)(K∗⋄ (pα)) and g2 ∈
S†(0,2),(0,1)(K
∗
⋄ (p
α)) such that
d1g2 − d2g1 = g[p].
Proof. Since U(p)g[p] = 0 and U(p) acts invertibly on H2rig,c
(
S
∗
⋄(p
α)torord
)
, the cuspform g[p] repre-
sents the trivial class in the rigid cohomology. Thus, there exist cuspforms g1 ∈ S†(2,0),(1,0)(K∗⋄ (pα))
and g2 ∈ S†(0,2),(0,1)(K∗⋄ (pα)) satisfying −d2g1 + d1g2 = g[p]. Then g[p]1 and g[p]2 satisfy all the
conditions because p-depletion is an idempotent operation commuting with the differential op-
erators.
Recall that the cuspform g˘P ∈ S2tL,tL(K⋄,t(pα);O) is an eigenform for the Hecke operators
Up1 , U
∗
p2
for the two primes above p with eigenvalues
Up1 g˘P = α1,gP · g˘P and U∗p2 g˘P = α2,gP · g˘P = α−12,gPp · g˘P.
Thus, the cuspform (wpα2 )
∗g˘P ∈ S2tL,tL(K⋄(pα);O) is an eigenform for the Up-operator and
equation (39) allows us to compute the Hecke eigenvalue by
Up · (wpα2 )∗g˘P = (wpα2 )∗Up1U∗p2〈̟p2 , 1〉g˘P
=
(
χ◦θ
−1
L χ
−1(̟p2) · α1,gPα−12,gPp
)
· (wpα2 )∗g˘P
= χ◦θ
−1
L χ
−1(̟p2) · α1,gPα−12,gPp · (wpα2 )∗g˘P.
We suppose from now on that p1 is narrowly principal in OL, p1 = (p1)OL, for p1 ∈ OL
a totally positive generator and we set p2 := p/p1 ∈ OL. Then there are equalities of Hecke
operators
U(p) = 〈1, p−1̟p〉Up, U(pi) = 〈1, p−1i ̟pi〉Upi for i = 1, 2
Moreover, U(p1), U(p2) commute with (να)
∗ as one can see arguing as in Lemma 4.10.
Lemma 9.14. The cuspform g˘⋄P is an eigenform for the Hecke operators U(p1) and U(p2):
U(p1) · g˘⋄P = α⋄1 · g˘⋄P, U(p2) · g˘⋄P = α⋄2 · g˘⋄P
where
α⋄1 := χ◦θ
−1
L χ
−1((p1)
−1
p2
) · α1,gP and α⋄2 := χ◦θ−1L χ−1((p2)−1p2 ̟p2) · α−12,gPp.
Proof. By definition the matrices
(
pi 0
0 1
)
for i = 1, 2 belong to G(Q)+G∗(Af ), hence the oper-
ators U(p1) and U(p2) commute with the natural map ξ : S
∗(K∗⋄ (p
α)) → S(K⋄(pα)) ([LLZ18],
Definition 2.2.4). First, we observe that
U(p1) · g˘⋄P = ξ∗ ◦ U(p1) ◦ (wpα2 )∗g˘P
= ξ∗ ◦ (να)∗ ◦ U(p1) ◦ (Tτp2 )∗g˘P.
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As
U(p1) ◦ (Tτp2 )∗ = Up1 ◦ 〈1, p−11 ̟p1〉 ◦ (Tτp2 )∗
(Equation (33)) = Up1 ◦ (Tτp2 )∗ ◦ 〈(p1)−1p2 , p−11 ̟p1 · (p1)2p2〉
= (Tτp2 )
∗ ◦ Up1 ◦ 〈(p1)−1p2 , p−11 ̟p1 · (p1)2p2〉,
we obtain
U(p1) · g˘⋄P = ξ∗ ◦ (να)∗ ◦ (Tτp2 )∗ ◦ Up1 ◦ 〈(p1)−1p2 ,̟p1 · (p1)−2p2 〉g˘P
= χ◦θ
−1
L χ
−1((p1)
−1
p2
) · α1,gP · g˘⋄P.
Similarly one computes
U(p2) · g˘⋄P = χ◦θ−1L χ−1((p2)−1p2 ̟p2) · α−12,gPp · g˘⋄P.
Remark 9.15. Note that
α⋄1α
⋄
2 = α1,gPα
−1
2,gP
p. (87)
Definition 9.16. Consider the operators
V (p1) := 〈1, p1̟−1p1 〉Vp1 and V (p2) := 〈1, p−11 ̟p1〉Vp2 ,
acting on automorphic forms for G∗. For i = 1, 2 they satisfy U(pi)V (pi) = 1.
9.4.1 Choice of the polynomials. Consider
Ri(Ti) = (1− α⋄i Ti) for i = 1, 2, R(T ) = (1− α⋄1α⋄2T ).
By setting T = T1T2 one can write
R(T ) = R1(T1)R2(T2) + α⋄2T2R1(T1) + α⋄1T1R2(T2),
so the cuspform R(V (p))g˘⋄P can be expressed as a sum of depleted cuspforms
R(V (p))g˘⋄P = (g˘⋄P)[P] + α⋄2V (p2)(g˘⋄P)[p1] + α⋄1V (p1)(g˘⋄P)[p2]. (88)
By Corollary 9.13 there are overconvergent cuspforms
h1, b1, c1 ∈ S†(2,0),(1,0)(K∗⋄ (pα)) and h2, b2, c2 ∈ S†(0,2),(0,1)(K∗⋄ (pα))
such that
• h1, h2 are P-depleted,
• b1, b2 are p1-depleted,
• c1, c2 are p2-depleted and
(g˘⋄P)
[P] = d1h2 − d2h1, (g˘⋄P)[p1] = d1b2 − d2b1, (g˘⋄P)[p2] = d1c2 − d2c1. (89)
Definition 9.17. Let R(T ) ∈ 1 + T · Fα[T ] be the characteristic polynomial of the Frobenius
endomorphism p−2Φ acting on H2dR(S
∗
⋄(p
α))[g⋄P]. By definition R(T ) satisfies
R(p−2Φ)ω⋄P = 0,
and it is divisible by R(T ), i.e.,
R(T ) = R(T )R(T ).
for some polynomial R(T ) ∈ 1 + T · Fα[T ]
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The next Lemma provides an explicit description of the image of the class [ιBdR(w)] in the
rigid cohomology of S
∗
⋄(p
α)torord.
Lemma 9.18. Set
H1 = R(V (p))
(
h1+α
⋄
2V (p2)b1+α
⋄
1V (p1)c1
)
and H2 = R(V (p))
(
h2+α
⋄
2V (p2)b2+α
⋄
1V (p1)c2
)
,
then the equality [ιBdR(w)] =
[
H1,H2
]
holds in H1rig,c
(
S
∗
⋄(p
α)torord
)
.
Proof. By construction ιBdR(w) − (H1,H2) defines a class in H1rig,c
(
S
∗
⋄(p
α)torord
)
which we claim to
be trivial. Indeed, we can compute that
U(p)[ιBdR(w) − (H1,H2)] = [U(p)ιBdR(w)] = 0 in H1rig,c
(
S
∗
⋄(p
α)torord
)
because (H1,H2) consists of p1 and p2 depleted cuspforms, and [U(p)ι
B
dR(w)] is in the image of
H1dR(S
∗
⋄(p
α)tor) = 0. Therefore, the class [ιBdR(w)− (H1,H2)] is trivial because the U(p)-operator
acts invertibly on H1rig,c
(
S
∗
⋄(p
α)torord
)
.
9.5 The formula
We choose the polynomial Q(T ) = (1 − α−1f∗◦ T ) to annihilate the class η◦ because by definition
Φ(η◦) = αf∗◦ ·η◦. Clearly Q(p) 6= 0, and R⋆Q(1) 6= 0, R⋆Q(p−1) 6= 0 because the Weil conjectures
imply that the roots of R(T ) have complex absolute values p−1. Observe that
(R ⋆ Q)(T ) = R
(
α−1f∗◦ T
)
= R
(
α−1f∗◦ T
) · (1− α1,gPα−12,gPα−1f∗◦ pT ). (90)
and if we write
(R ⋆ Q)(T1T2) = a(T1, T2)R(T1) + b(T1, T2)Q(T2),
as in Section 9.3.2, then a(T1, αf∗◦ ) = 1 because
R(T1) = (R ⋆ Q)(T1 · αf∗◦ ) = a(T1, αf∗◦ )R(T1).
Therefore, equation (85) simplifies to the following expression
AJsyn
(
(λα, id)∗∆
◦
α
)(
ωP ⊗ η◦
)
=
−1
(R ⋆ Q)(p−1)
〈
eordζ
∗[ιBdR(w)], (π2,α)
∗(λ1)
∗η◦
〉
dR,Yα
. (91)
By Lemma 9.18 and the straightforward computation eordζ
∗(d1f, d2f) = eorddζ
∗f = 0 for
any overconvergent function f ∈ S†0,0(K∗⋄ (pα)), we have
eordζ
∗[ιBdR(w)] = ωeordζ∗
(
H1, H2
). (92)
The next Lemma shows that in evaluating eordζ
∗[ιBdR(w)] we can replace
(
H1,H2
)
by any
pair of p-adic cuspforms satisfying (89).
Lemma 9.19. Suppose (g1, g2) ∈ Sp-adic(2,0),(1,0)(K∗⋄ (pα))⊕ Sp-adic(0,2),(0,1)(K∗⋄ (pα)) such that
d1g2 − d2g1 = 0,
and that either g1 is p1-depleted or g2 is p2-depleted. Then
eordζ
∗(g1, g2) = 0.
Proof. Since this is a statement involving only sections on the identity component of the Hilbert-
Blumenthal surface, we may carry out the computation using the classical q-expansion.
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First, suppose g1 is p1-depleted. For λ ∈ L, write qλ = exp(2πi(λz1 + λ¯z2)), λ¯ ∈ L is the
algebraic conjugate. Suppose g1 =
∑
λ aλq
λ and g2 =
∑
λ bλq
λ, where λ runs through the totally
positive elements in some lattice in L. Then d1g2 − d2g1 = 0 implies
λbλ − λ¯aλ = 0, or equivalently bλ = λ¯
λ
· aλ.
Here aλ and bλ are understood to be in Qp, as well as λ and λ¯ via our fixed embedding Q →֒ Qp,
corresponding to a place of Q¯p above p1. As g1 is p1-depleted, d
−1
1 g1 ∈ Sp-adic0tL,0tL(K∗⋄ (pα)) is
well-defined and we can compute
ζ∗(g1, g2) =
∑
n>0
( ∑
λ+λ¯=n
(aλ + bλ)
)
qn = −
∑
n>0
n
( ∑
λ+λ¯=n
aλ
λ
)
qn = −dζ∗[d−11 g1].
Therefore, eordζ
∗(g1, g2) = 0. The case when g2 is p2-depleted is completely analogous.
Corollary 9.20.
eordζ
∗[ιBdR(w)] = ω
R(p−1U−1p )eordζ∗
[
d−12
(
ν∗α(g˘P|τ
−1
pα2
)
)[P]]
Proof. Combining equation (92), Lemma 9.19 and ([BCF19], Proposition 2.11) we compute that
eordζ
∗[ιBdR(w)] = ω
R(p−1U−1p )eordζ∗
(
α⋄2V (p2)d
−1
1 (g˘
⋄
P)
[p1], d−12 (g˘
⋄
P)
[P]+α⋄1V (p1)d
−1
2 (g˘
⋄
P)
[p2]
).
Then the claim follows by applying ([BCF19], Lemma 3.10) as in the proof of ([BCF19], Theorem
5.14) to obtain the vanishing
eordζ
∗
(
V (p2)d
−1
1 (g˘
⋄
P)
[p1]
)
= 0, eordζ
∗
(
V (p1)d
−1
2 (g˘
⋄
P)
[p2]
)
= 0.
Finally we are ready to compute the syntomic Abel-Jacobi map of Hirzebruch-Zagier cycles.
Theorem 9.21. Suppose that p splits in L with narrowly principal factors and that there is no
totally positive unit in L congruent to −1 modulo p, then
AJsyn
(
(λα, id)∗∆
◦
α
)(
ωP ⊗ η◦
)
=
−αα−1f∗◦ · α
−α
2,gP
·G(θ−1L,pχ−1p )(
1− α1,gPα−12,gPα−1f∗◦
) ·
〈
eordζ
∗
(
d•µG˘
[P]
)†
(P), f∗(p)◦
〉
〈
f
∗(p)
◦ , f
∗(p)
◦
〉 .
Proof. By equations (83), (91) and Corollary 9.20 we have
AJsyn
(
(λα,id)∗∆
◦
α
)(
ωP ⊗ η◦
)
=
−1
R
(
α−1f∗◦ p
−1
) · 〈ω
eordζ∗
[
d−12
(
ν∗α(g˘P|τ
−1
pα2
)
)[P]], (π2,α)∗(λ1)∗R(p−1U−1p )η◦〉
dR,Yα
=
−R(α−1f∗◦ p−1)
R
(
α−1f∗◦ p
−1
) · 〈ω
eordζ∗
[
d−12
(
ν∗α(g˘P|τ
−1
pα
2
)
)[P]], (π2,α)∗(λ1)∗η◦〉
dR,Yα
=
−1(
1− α1,gPα−12,gPα−1f∗◦
) ·〈ω
eordζ∗
[
d−12
(
ν∗α(g˘P|τ
−1
pα
2
)
)[P]], (π2,α)∗(λ1)∗η◦〉
dR,Yα
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Corollary 3.6 and Proposition 5.13 show that the cuspform eordζ
∗
[
d−12
(
ν∗α(g˘P|τ−1pα2 )
)[P]]
is of level
K ′0(p), and since U
α−1
p η◦ = α
α−1
f∗◦
· η◦〈
ω
eordζ∗
[
d−12
(
ν∗α(g˘P|τ
−1
pα
2
)
)[P]], (π2,α)∗(λ1)∗η◦〉
dR,Yα
=
〈
ω
eordζ∗
[
d−12
(
ν∗α(g˘P|τ
−1
pα2
)
)[P]], (λ1)∗Uα−1p η◦〉
dR,Y1
= αα−1f∗◦ ·
〈
ω
eordζ∗
[
d−12
(
ν∗α(g˘P|τ
−1
pα
2
)
)[P]], (λ1)∗η◦〉
dR,Y1
.
Finally, by Definition 7.15
〈
ω
eordζ∗
[
d−12
(
ν∗α(g˘P|τpα2
)
)[P]], (λ1)∗η◦〉
dR,Y1
=
〈
eordζ
∗
[
d−12
(
ν∗α(g˘P|τ−1pα2 )
)[P]]
, f∗(p)◦
〉
〈
f
∗(p)
◦ , f
∗(p)
◦
〉
which together with Proposition 5.13 implies the result.
10. Comparison
From now on we are going to assume that there is an ordinary prime p for f◦ such that
• p splits in L with narrowly principal factors;
• there is no totally positive unit in L congruent to −1 modulo p;
• the eigenvalues of Frp on As(̺) are all distinct modulo p.
Consider the element
ζG ,f◦ := −αf◦ ·
(
1− G (T(̟p1)T(̟−1p2 ))α−1f∗◦
)
∈ IG .
Theorem 10.1. There is an equality of p-adic L-functions
ζG ,f◦ ·L motp (G˘ , f◦) = L anp (G˘ , f◦) in Π⊗Λ IG .
In particular, L motp (G˘ , f◦) belongs to IG [ζ
−1
G ,f◦
].
Proof. By Theorem 7.5 it suffices to show that the elements we want to compare have the same
specialization at every arithmetic point of IG of weight (2tL, tL). Let P ∈ Aχ(IG ) be an arithmetic
point of weight (2tL, tL) and character (χ◦θ
−1
L χ
−1,1) of conductor pα we have (Proposition 8.2)
P ◦Lf◦
G
= Υ(P) · ( logBK ◦ P) for Υ(P) = (α1,gPα2,gPα−1f∗◦ )α ·G(χ♠ · θQ|Dp)−1.
By Propositions 7.18
L
mot
p (G˘ , f◦)(P) =
〈
P ◦Lf◦
G
(
κf◦p (G )
)
, (λα)
∗ω
G˘P
⊗ (λ1)∗η◦
〉
dR
= Υ(P) ·
〈
logBK
(
κf◦p (G )(P)
)
, (λα)
∗ω
G˘P
⊗ (λ1)∗η◦
〉
dR
.
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From the definition of κn.o.α (Equation (50)) we continue with
L
mot
p (G˘ , f◦)(P) = α
−α
1,gP
·Υ(P) ·
〈
AJsyn(∆
◦
α), (λα)
∗ω
G˘P
⊗ (λ1)∗η◦
〉
dR
= α−α1,gP ·Υ(P) ·AJsyn
(
(λα, λ1)∗∆
◦
α
)(
ω
G˘P
⊗ η◦
)
(Theorem 9.21) =
−α−1f∗◦(
1− α1,gPα−12,gPα−1f∗◦
) ·
〈
eordζ
∗
(
d•µG˘
[P]
)†
(P), f∗(p)◦
〉
〈
f
∗(p)
◦ , f
∗(p)
◦
〉 .
(93)
We found that
L
mot
p (G˘ , f◦)(P) =
−α−1f∗◦(
1− α1,gPα−12,gPα−1f∗◦
) ·L anp (G˘ , f◦)(P). (94)
If we let
ζG ,f◦ := −αf◦ ·
(
1− G (T(̟p1)T(̟−1p2 ))α−1f∗◦
)
∈ IG
then we can rewrite (94) as
ζG ,f◦(P) ·L motp (G˘ , f◦)(P) = L anp (G˘ , f◦)(P).
The equality ζG ,f◦ ·Lmotp (G˘ , f◦) = L anp (G˘ , f◦) follows from Theorem 7.5.
Corollary 10.2. For any arithmetic point P ∈ Aχ(IG )
L
aut
p (G˘ , f◦)(P) 6= 0 ⇐⇒ Lmotp (G˘ , f◦)(P) 6= 0.
Proof. The claim follows from Theorem 10.1 and the fact that ζG ,f◦(P) 6= 0 for any arithmetic
point P ∈ Aχ(IG ).
10.1 Specialization in parallel weight one
Proposition 10.3. If the special L-value L(f◦,As(̺), 1) does not vanish, then the Galois module
VGP◦ (M) is non-trivial.
Proof. Corollary 3.10 shows that the non-vanishing of the special L-value L(f◦,As(̺), 1) is equiv-
alent to the non-vanishing of the automorphic p-adic L-function L autp (G˘ , f◦) at the arithmetic
point P◦ ∈ Aχ(IG ) of parallel weight one corresponding to g(p)◦ .
L
(
f◦,As(̺), 1
)
6= 0 ⇐⇒ L autp (G˘ , f◦)(P◦) 6= 0
(Corollary 10.2) ⇐⇒ Lmotp (G˘ , f◦)(P◦) 6= 0
(Proposition 8.2) ⇐⇒ exp∗BK
(
κf◦p (G )(P◦)
) 6= 0
(Equation (76)) ⇐⇒ κf◦p (G )(P◦) 6= 0
As κf◦p (G )(P◦) is the image of κp(G , f◦)(P◦) ∈ H1
(
Qp,VGP◦ (M)(−1)⊗Vf◦(p)
)
the claim follows.
Lemma 10.4. Suppose that the Artin representation As(̺) is residually absolutely irreducible
and that p does not divide the order of its image. If the special L-value L(f◦,As(̺), 1) does not
vanish, then there is a ΓQ-equivariant surjection
VGP◦ (M)(−1) ⊗O E℘ // // As(̺).
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Proof. Let {Pi}i∈N ⊆ Aχ(IG ) be a collection of arithmetic points of weight (2tL, tL), Pi of level
pαi , such that there is an equality of ideals(
ker(Pi), π
mi
) · IG = ( ker(P◦), πmi) · IG ∀ i ∈ N
where {mi}i∈N and {αi}i∈N are increasing sequences of positive integers. We observe that
AsO/πmi (̺) ∼= AsO/πmi (VGPi )(η
−1
Q · χ♠,Pi)
because their traces coincide at all but finitely many Frobenius elements and As(̺) is residually
absolutely irreducible ([Maz97], Chapter II, Sections 4 & 5). Then we can compute
VG (M)(−1)⊗P◦ O =
(
lim
←,i
VG (M)αi(−1)⊗O (O/πmi)
)
⊗P◦ O
∼= lim
←,i
(
VG (M)αi(−1)⊗P◦ (O/πmi)
)
(
p ∤ #As(̺)(ΓQ)
)
= lim
←,i
(
AsO/πmi (VGPi )(η
−1
Q · χ♠,Pi)
)⊕n
∼=
(
lim
←,i
AsO/πmi (̺)
)⊕n
where n is the number of divisors of M/Q. By Schur’s lemma any Galois equivariant map(
AsO/πmi+1 (̺)
)
−→
(
AsO/πmi (̺)
)
factors as the reduction modulo πmi followed by scalar multiplication by some element in
(O/πmi). In particular, any non-zero irreducible direct summand of
(
lim←−iAsO/πmi (̺)
)⊕n
is iso-
morphic to a lattice in As(̺). Hence, we can find a Galois equivariant surjection
VG (M)(−1) ⊗P◦ E℘ // // As(̺)
because VGP◦ (M) 6= 0 by Proposition 10.3.
Corollary 10.5. Suppose that the Artin representation As(̺) is residually absolutely irre-
ducible and that p does not divide the order of its image. If the special L-value L(f◦,As(̺), 1)
does not vanish, then we can choose the surjection
VGP◦ (M)(−1) ⊗O E℘ // // As(̺).
such that κf◦p (G )(P◦) has non-trivial image under the induced map
H1
(
Qp,V
f◦
GP◦
(M)
) −→ H1(Qp,As(̺)⊗Gr0Vf◦).
Proof. It follows from the proofs of Proposition 10.3 and Lemma 10.4.
The choice of surjection VGP◦ (M)(−1)⊗O E℘ ։ As(̺) in Corollary 10.5 induces a map
H1
(
Qp,VGP,f◦(M)
) −→ H1(Qp,V̺,f◦).
We denote the image of κG ,f◦ under such map by
κ(g(p)◦ , f◦) ∈ H1
(
Q,V̺,f◦
)
. (95)
The quotient map V̺,f◦ ։ As(̺)⊗Gr0Vf◦ induces a homomorphism
∂p : H
1
(
Qp,V̺,f◦
) −→ H1(Qp,As(̺)⊗Gr0Vf◦)
whose kernel is the local Selmer group at p, as one can see by analyzing the Hodge-Tate weights,
H1f
(
Qp,V̺,f◦
)
= ker(∂p).
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Theorem 10.6. Suppose there is an ordinary prime p for f◦ such that
• p splits in L with narrowly principal factors;
• there is no totally positive unit in L congruent to −1 modulo p;
• the eigenvalues of Frp on As(̺) are all distinct modulo p;
• As(̺) is residually absolutely irreducible and p does not divide the order of its image.
Let g(p)◦ be any ordinary p-stabilization of g◦. If the special L-value L(f◦,As(̺), 1) does not vanish,
then the global cohomology class κ(g(p)◦ , f◦) is not crystalline at p. Furthermore,
∂p
(
κ(g(p)◦ , f◦)
) ∈ H1(Qp,As(̺)βp ⊗Gr0Vf◦)
where As(̺)βp is the subpace where Frp acts as multiplication by βp = β1β2.
Proof. As in the proof of Proposition 10.3
L
(
f◦,As(̺), 1
)
6= 0 ⇐⇒ 0 6= κf◦p (G )(P◦) ∈ H1
(
Qp,V
f◦
GP◦
(M)
)
.
It follows from the definitions that
Im
(
V
f◦
G
(M) −→ As(̺)⊗Gr0Vf◦
)
= Im
(
Fil2VG ,f◦(M) −→ As(̺)⊗Gr0Vf◦
)
,
and that the image of κf◦p (G )(P◦) coincides with ∂p
(
κp(g
(p)
◦ , f◦)
)
. Therefore, invoking Corollary
10.5 we deduce the first claim. We obtain the second claim by observing that Proposition 6.3
implies that
As(̺)βp = Fil2As(̺).
11. On the equivariant BSD-conjecture
Let (W, ̺) be a d-dimensional self-dual Artin representation with coefficients in a number field
D. Suppose ̺ factors through the Galois group G(H/Q) of a number field H
ΓQ
̺ //
## ##❍
❍❍
❍❍
❍❍
❍❍
GLd(D)
G(H/Q)
+

88rrrrrrrrrr
.
Let E/Q be a rational elliptic curve, then its algebraic rank with respect to the Artin represen-
tation ̺ is defined as
ralg(E, ̺) = dimD E(H)
̺
D,
the dimension of E(H)̺D = HomG(H/Q)(̺,E(H) ⊗D) the ̺-isotypic component of the Mordell-
Weil group. For p a rational prime and ℘ | p an OD-prime ideal, we can consider the p-adic
Galois representations
V℘(E) = H
1
e´t(EQ¯,D℘(1)), W℘ = W ⊗D D℘.
As the Artin representation ̺ is self-dual, the Kummer map allows us to identify the group E(H)̺D
with a subgroup of the Bloch-Kato Selmer group H1f (Q,W℘ ⊗V℘(E)). Then, local Tate duality
together with the global Poitou-Tate exact sequence can be used to show that global cohomology
classes not crystalline at p bound the size of the ̺-isotypic component of the Mordell-Weil group
of E/Q ([DR17], Section 6.1).
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Lemma 11.1. Let κ1, . . . , κd ∈ H1(Q,W℘ ⊗ V℘(E)) be global cohomology classes with linearly
independent images in the singular quotient H1sing(Qp,W℘ ⊗ V℘(E)) at p. Then the ̺-isotypic
part of E(H) is trivial:
ralg(E, ̺) = 0.
Proof. The local cohomology group H1(Qp,W℘ ⊗ V℘(E)) is a 2d-dimensional D℘-vector space
and the local Tate pairing induces a perfect duality of d-dimensional spaces ([DR17], Lemma
6.1)
〈 , 〉 : H1f (Qp,W℘ ⊗V℘(E))×H1sing(Qp,W℘ ⊗V℘(E)) −→ D℘.
The global Poitou-Tate exact sequence implies that the image of the localization at p
locp : H
1(Q,W℘ ⊗V℘(E)) −→ H1(Qp,W℘ ⊗V℘(E))
is d-dimensional ([DR17], Lemma 6.2). Therefore, the existence of global cohomology classes
κ1, . . . , κd whose localizations generate the singular quotient at p implies that the restriction of
locp to the Bloch-Kato Selmer group H
1
f (Q,V℘(E) ⊗W℘) is the zero map. The commutativity
of the diagram
E(H)̺D
//
 _

⊕p|pHomG(Hp/Qp)(W℘, E(Hp)⊗D℘) _

H1f (Q,W℘ ⊗V℘(E)) 0 // H1(Qp,W℘ ⊗V℘(E))
and the injectivity of the vertical Kummer maps imply the triviality of the top horizontal mor-
phism. Since E(H)⊗D →֒ E(Hp)⊗D℘ is injective for all OH -prime ideal p | p, we deduce that
dimD E(H)
̺
D = 0.
11.0.1 On twisted triple products. The goal of this section is apply the idea of p-adic defor-
mation to the setting where the self-dual Artin representation is 4-dimensional and arises as the
tensor induction
As(̺) = ⊗-IndQL(̺)
of a totally odd, irreducible two-dimensional Artin representation ̺ : ΓL → GL2(D) of the
absolute Galois group of a real quadratic field L. We suppose that ̺ has conductor Q and that
the tensor induction of the determinant det(̺) is the trivial character. Let E/Q be a rational
elliptic curve of conductor N , and for any rational prime p, we consider the Kummer self-dual
p-adic Galois representation of ΓQ
V̺,E = As(̺)⊗V℘(E).
By modularity ([Wil95],[TW95], [PS16]) there are a primitive Hilbert cuspform g̺ ∈ StL,tL(Q;D)
of parallel weight one, and a primitive elliptic cuspform fE ∈ S2,1(N ;Q) of weight 2 associated
to ̺ and E respectively. The twisted L-function L
(
E,As(̺), s
)
has meromorphic continuation to
C and a functional equation centered at s = 1, at which the L-function is holomorphic.
Theorem 11.2. Suppose that N is coprime to Q and split in L. If there is an ordinary prime
p ∤ NQ for E/Q such that
• p splits in L with narrowly principal factors;
• there is no totally positive unit in L congruent to −1 modulo p;
• the eigenvalues of Frp on As(̺) are all distinct modulo p;
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• As(̺) is residually absolutely irreducible and p does not divide the order of its image;
then
ran
(
E,As(̺)
)
= 0 =⇒ ralg
(
E,As(̺)
)
= 0.
Proof. As the eigenvalues of Frp on As(̺) are all distinct modulo p, the cuspform g̺ has 4 distinct
p-stabilizations
g(α1α2)̺ , g
(α1β2)
̺ , g
(β1α2)
̺ and g
(β1β2)
̺ .
Therefore, assuming ran
(
E,As(̺)
)
= 0, Theorem 10.6 produces 4 global cohomology classes
κ
(
g(α1α2)̺ , fE
)
, κ
(
g(α1β2)̺ , fE
)
, κ
(
g(β1α2)̺ , fE
)
, κ
(
g(β1β2)̺ , fE
) ∈ H1(Q,V̺,E)
whose images in the singular quotient H1sing
(
Qp,V̺,E
)
are linearly independent. The result follows
by invoking Lemma 11.1.
11.1 Rational elliptic curves over quintic fields
The aim of this section is to show that we can often apply Theorem 11.2 to probe the arithmetic
of rational elliptic curves over quintic fields.
11.1.1 Narrowly principal prime factors. By class field theory, a rational prime is split in L
with narrowly principal prime factors if and only if it totally splits in the narrow class field H+L
of L.
Lemma 11.3. Let L = Q(
√
d) be a real quadratic field.
• If d ≡4 1 then H+L ∩Q(ζ8) = Q.
• If d ≡4 3 then Q(i) ⊆ H+L and H+L ∩Q(
√±2) = Q.
• If d ≡8 6 then H+L ∩Q(i) = Q, H+L ∩Q(
√
2) = Q and Q(
√−2) ⊆ H+L .
• If d ≡8 2 then H+L ∩Q(i) = Q, H+L ∩Q(
√−2) = Q and Q(√2) ⊆ H+L .
Proof. The proof is a straightforward verification.
We recall the lattice of subfields of Q(ζ16)
Q(ζ16)
tt
tt
tt
tt
t
❑❑
❑❑
❑❑
❑❑
❑❑
Q(ζ16)
+ F
tt
tt
tt
tt
tt
Q(ζ8)
✐✐
✐✐✐
✐✐
✐✐✐
✐✐
✐✐✐
✐✐✐
✐✐
tt
tt
tt
tt
tt
Q(
√
2)
❑❑
❑❑
❑❑
❑❑
❑❑
❑
Q(i) Q(
√−2)
ss
ss
ss
ss
ss
s
Q
(96)
where F/Q is the splitting field of the polynomial X4 + 4X2 + 2.
Proposition 11.4. Let L = Q(
√
d) be a real quadratic field, then the primes p ≡16 9 which are
split in L with narrowly principal factors have positive density.
Proof. It follows directly from Lemma 11.3 that:
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• if d ≡4 1 then Q(ζ16) ∩H+L = Q;
• if d ≡4 3 then Q(ζ16) ∩H+L = Q(i);
• if d ≡8 6 then Q(ζ16) ∩H+L = Q(
√−2).
When d ≡8 2 we claim that Q(ζ16)∩H+L = Q(
√
2). Indeed, in this case the intersection could be
either Q(
√
2), Q(ζ16)
+ or F and we show that the latter two options cannot occur. Let A denote
either Q(ζ16)
+ or F . When d = 2 then Q(ζ16) ∩ H+L = Q(
√
2) because A/Q(
√
2) is ramified
at 2. When d 6= 2, then L(√2)/Q(√2) is a proper extension unramified at 2. It follows that
L(
√
2) ·A/L(√2) is ramified at 2 and cannot be contained in H+L .
Since the rational primes p ≡16 9 are those totally split in Q(ζ8) and inert in the extension
Q(ζ8) ⊆ Q(ζ16), the analysis above of the intersection Q(ζ16) ∩H+L together with Chebotarev’s
density theorem finishes the proof.
11.1.2 Congruences for totally positive units. Let ǫ ∈ O×L,+ be a generator of the totally
positive units and p a rational prime split in L. Then requiring that there is no totally positive
unit congruent to −1 modulo p is equivalent to ask that, for p | p, the subgroup 〈ǫ¯〉 of (OL/p)×,
generated by the reduction of ǫ, has odd order.
Lemma 11.5. Let ǫ ∈ O×L,+ be a generator of the totally positive units of L = Q(
√
d), then the
totally real number field L(
√
ǫ) is either equal to L or it is biquadratic over Q. Suppose that
L(
√
ǫ) is biquadratic and write ǫ = a+ b
√
d for a, b ∈ N, then the subfields of L(√ǫ) are
L(
√
ǫ)
♣♣
♣♣
♣♣
♣♣
♣♣
◆◆
◆◆
◆◆
◆◆
◆◆
Q(
√
2(a+ 1))
◆◆
◆◆
◆◆
◆◆
◆◆
◆◆
◆
Q(
√
d) Q(
√
2(a− 1))
♣♣
♣♣
♣♣
♣♣
♣♣
♣♣
♣
Q .
Proof. If the fundamental unit of L is not totally positive, then ǫ is a square in L and L(
√
ǫ) = L.
If ǫ is the fundamental unit, then the number field L(
√
ǫ) is the splitting field of the polynomial
X4 − TrL/Q(ǫ)X2 + 1 = (X2 − ǫ)(X2 − 1/ǫ),
hence it is biquadratic over Q and totally real. Using the relation NL/Q(ǫ) = 1 one sees that(√
a+ 1
2
+
√
a− 1
2
)2
= ǫ
and the claim follows.
Remark 11.6. The number field L( 8
√
ǫ) is not Galois over Q. Its Galois closure is obtained by
adding an 8-th root of unity. Indeed J = L( 8
√
ǫ, ζ8) is the splitting field of the polynomial
X16 − TrL/Q(ǫ)X8 + 1 = (X8 − ǫ)(X8 − 1/ǫ).
It is clear from this description that J/Q is a solvable extension.
Lemma 11.7. Let ǫ ∈ O×L,+ be a generator of the totally positive units and J/Q the Galois
closure of L( 8
√
ǫ). Then for all but finitely many primes p ≡16 9 which are totally split in J , there
is no totally positive unit in L congruent to −1 modulo p.
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Proof. Suppose that p ≡16 9 and totally split in J . If p is an OL-prime ideal above p then
(OL/p)× ∼= (Z/pZ)× and for all but finitely many such primes the reduction ǫ¯ of ǫ modulo p is
an 8-th power. It follows that ǫ¯ generates a subgroup of order dividing (p − 1)/8. Since p ≡16 9
that order is odd and the subgroup cannot contain −1.
Corollary 11.8. Let L be a real quadratic field, then the primes p split in L with narrowly
principal factors and such that there is no totally positive unit congruent to −1 mod p have
positive density.
Proof. By Proposition 11.4 and Lemma 11.7, all the primes which are totally split in J , H+L ,
Q(ζ8) and inert in the extension Q(ζ8) ⊆ Q(ζ16) satisfy the requirements. Clearly the splitting
conditions for J and H+L are compatible, and from Proposition 11.4 we know that also the
splitting conditions for H+L and Q(ζ16) are compatible too. We are left to understand J ∩Q(ζ16).
Clearly Q(ζ8) is contained in the intersection because J = L( 8
√
ǫ, ζ8). One can check that
[J : Q] =
{
16 · 2 if Q(√2) ⊆ L(√ǫ)
16 · 4 if Q(√2) 6⊆ L(√ǫ),
[L( 4
√
ǫ, i) : Q] = 16, and
L( 4
√
ǫ, i) ∩Q(ζ16) =
{
Q(ζ8) if Q(
√
2) ⊆ L(√ǫ)
Q(i) if Q(
√
2) 6⊆ L(√ǫ).
Suppose by contradiction that Q(ζ16) ⊆ J . Then J = Q(ζ16) · L( 4
√
ǫ, i) because Q(ζ16) · L( 4
√
ǫ, i)
is a subfield of the same degree as J . Therefore the natural injection
G(J/Q) →֒ G(Q(ζ16)/Q)×G(L( 4
√
ǫ, i)/Q)
produces a contradiction because G(J/Q) contains an element of order 8 while the other two
Galois groups have exponent 4. In summary, we showed that J ∩Q(ζ16) = Q(ζ8) so that all the
required splitting conditions are compatible. Chebotarev’s density theorem finishes the proof.
11.1.3 Final result.
Proposition 11.9. Let K/Q be an S5-quintic extension whose Galois closure K˜/Q contains a
real quadratic field L. Suppose E/Q is a rational elliptic curve, then there are infinitely many
ordinary primes p for E/Q such that
• p splits in L with narrowly principal factors;
• there is no totally positive unit in L congruent to −1 modulo p;
• the conjugacy class of Frp in G(K˜/Q) ∼= S5 is that of 5-cycles.
Proof. Since K˜/L is a non-solvable extension, we deduce that K˜ ∩ J = L and K˜ ∩ H+L = L.
Moreover, K˜ ∩Q(ζ16) is either Q(
√
2) or Q according to whether L = Q(
√
2) or not. Given that
5-cycles are in the kernel of the surjection G(K˜/Q)։ G(L/Q), one can prove the existence of a
set of positive density consisting of rational primes satisfying the listed conditions as in Corollary
11.8. It then remains to show that infinitely many of such primes are of good ordinary reduction
for the given elliptic curve. When E/Q does not have complex multiplication, the ordinary primes
have density one so there are infinitely many ordinary primes that satisfy the listed conditions.
When the elliptic curves E/Q has complex multiplication by a quadratic imaginary field B, a
prime is ordinary for E/Q if it splits in B. As this new splitting requirement is compatible with
those coming from the conditions above, Chebotarev’s density theorem gives the claim.
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Theorem 11.10. Let K/Q be a non-totally real S5-quintic extension whose Galois closure con-
tains a real quadratic field L, and let E/Q be a rational elliptic curve of conductor N . If N is
odd, unramified in K/Q and split in L, then
ran(E/K) = ran(E/Q) =⇒ ralg(E/K) = ralg(E/Q).
Proof. By ([For19], Corollary 4.2) there exists a parallel weight one Hilbert eigenform gK over
L of level Q prime to N such that As(̺gK )
∼= IndQK1− 1. This 4-dimensional representation has
image isomorphic to S5 and it is residually absolutely irreducible when p > 7. From the Artin
formalism of L-functions we deduce that
ran
(
E,As(̺gK )
)
= ran(E/K) − ran(E/Q) and ralg
(
E,As(̺gK )
)
= ralg(E/K)− ralg(E/Q).
Thanks to Proposition 11.9 we can choose a rational prime p ∤ 5! ·N ·NL/Q(Q) satisfying all the
assumptions required to invoke Theorem 11.2. Indeed, if p is one of the primes of Proposition
11.9, the eigenvalues of Frp on As(̺gK ) are all distinct modulo p by Proposition 6.11.
References
BCF19 Ivan Blanco-Chaco´n and Michele Fornea. Twisted triple product p-adic L-functions and
Hirzebruch-Zagier cycles. Journal of the Inst. of Math. of Jussieu, 2019.
BDR15 Massimo Bertolini, Henri Darmon, and Victor Rotger. Beilinson-Flach elements and Euler sys-
tems II: the Birch-Swinnerton-Dyer conjecture for Hasse-Weil-Artin L-series. J. Algebraic Geom.,
24(3):569–604, 2015.
Bei13 Alexander Beilinson. On the crystalline period map. Camb. J. Math., 1(1):1–51, 2013.
Bha10 Manjul Bhargava. The density of discriminants of quintic rings and fields. Ann. of Math. (2),
172(3):1559–1591, 2010.
BK90 Spencer Bloch and Kazuya Kato. L-functions and Tamagawa numbers of motives. In The
Grothendieck Festschrift, Vol. I, volume 86 of Progr. Math., pages 333–400. Birkha¨user Boston,
Boston, MA, 1990.
BL84 Jean-Luc Brylinski and Jean-Pierre Labesse. Cohomologie d’intersection et fonctions l de certaines
varie´te´s de shimura. Annales scientifiques de l’E´cole Normale Supe´rieure, 4e se´rie, 17(3):361–412,
1984.
BLZ16 Amnon Besser, David Loeffler, and Sarah Livia Zerbes. Finite polynomial cohomology for general
varieties. Ann. Math. Que´., 40(1):203–220, 2016.
CW77 John Coates and Andrew Wiles. On the conjecture of Birch and Swinnerton-Dyer. Invent. Math.,
39(3):223–251, 1977.
DR14 Henri Darmon and Victor Rotger. Diagonal cycles and Euler systems I: A p-adic Gross-Zagier
formula. Ann. Sci. E´c. Norm. Supe´r. (4), 47(4):779–832, 2014.
DR17 Henri Darmon and Victor Rotger. Diagonal cycles and Euler systems II: The Birch and
Swinnerton-Dyer conjecture for Hasse-Weil-Artin L-functions. J. Amer. Math. Soc., 30(3):601–
672, 2017.
Fla90 Matthias Flach. A generalisation of the Cassels-Tate pairing. J. Reine Angew. Math., 412:113–127,
1990.
For19 Michele Fornea. Growth of the analytic rank of modular elliptic curves over quintic extensions.
Math. Research Letters, 26:1571–1586, 2019.
GZ86 Benedict H. Gross and Don B. Zagier. Heegner points and derivatives of L-series. Invent. Math.,
84(2):225–320, 1986.
68
Hirzebruch-Zagier classes and rational elliptic curves over quintic fields
Hid89a Haruzo Hida. Nearly ordinary Hecke algebras and Galois representations of several variables. In
Algebraic analysis, geometry, and number theory (Baltimore, MD, 1988), pages 115–134. Johns
Hopkins Univ. Press, Baltimore, MD, 1989.
Hid89b Haruzo Hida. On nearly ordinary Hecke algebras for GL(2) over totally real fields. In Algebraic
number theory, volume 17 of Adv. Stud. Pure Math., pages 139–169. Academic Press, Boston, MA,
1989.
Hid91 Haruzo Hida. On p-adic L-functions of GL(2)×GL(2) over totally real fields. Ann. Inst. Fourier
(Grenoble), 41(2):311–391, 1991.
Ich08 Atsushi Ichino. Trilinear forms and the central values of triple product L-functions. Duke Math.
J., 145(2):281–307, 2008.
KL05 Mark Kisin and King F. Lai. Overconvergent hilbert modular forms. American Journal of Math-
ematics, 127:735–783, 2005.
KLZ17 Guido Kings, David Loeffler, and Sarah L. Zerbes. Rankin-Eisenstein classes and explicit reci-
procity laws. Camb. J. Math., 5(1):1–122, 2017.
Kol88 Victor A. Kolyvagin. Finiteness of E(Q) and Sh(E,Q) for a subclass of Weil curves. Izv. Akad.
Nauk SSSR Ser. Mat., 52(3):522–540, 670–671, 1988.
LLZ18 Antonio Lei, David Loeffler, and Sarah Livia Zerbes. Euler systems for Hilbert modular surfaces.
Forum Math. Sigma, 6:e23, 67, 2018.
Lon06 Matteo Longo. On the Birch and Swinnerton-Dyer conjecture for modular elliptic curves over
totally real fields. Ann. Inst. Fourier (Grenoble), 56(3):689–733, 2006.
LZ14 David Loeffler and Sarah L. Zerbes. Iwasawa theory and p-adic L-functions over Z2
p
-extensions.
Int. J. Number Theory, 10(8):2045–2095, 2014.
Maz97 Barry Mazur. An introduction to the deformation theory of Galois representations. In Modular
forms and Fermat’s last theorem (Boston, MA, 1995), pages 243–311. Springer, New York, 1997.
Mil05 James S. Milne. Introduction to Shimura varieties. In Harmonic analysis, the trace formula, and
Shimura varieties, volume 4 of Clay Math. Proc., pages 265–378. Amer. Math. Soc., Providence,
RI, 2005.
Nek00 Jan Nekova´rˇ. p-adic Abel-Jacobi maps and p-adic heights. In The arithmetic and geometry of
algebraic cycles (Banff, AB, 1998), volume 24 of CRM Proc. Lecture Notes, pages 367–379. Amer.
Math. Soc., Providence, RI, 2000.
Nek12 Jan Nekova´rˇ. Level raising and anticyclotomic Selmer groups for Hilbert modular forms of weight
two. Canad. J. Math., 64(3):588–668, 2012.
Nek18 Jan Nekova´r. Eichler-Shimura relations and semisimplicity of e´tale cohomology of quaternionic
Shimura varieties. Ann. Sci. E.N.S., 51, 2018.
Oht95 Masami Ohta. On the p-adic Eichler-Shimura isomorphism for Λ-adic cusp forms. J. Reine Angew.
Math., 463:49–98, 1995.
Pra92 Dipendra Prasad. Invariant forms for representations of GL2 over a local field. Amer. J. Math.,
114(6):1317–1363, 1992.
PS16 Vincent Pilloni and Benoit Stroh. Surconvergence, ramification et modularite´. Aste´r., 2016.
Sai09 Takeshi Saito. Hilbert modular forms and p-adic Hodge theory. Compos. Math., 145(5):1081–1113,
2009.
Ski09 Christopher Skinner. A note on the p-adic Galois representations attached to Hilbert modular
forms. Doc. Math., 14:241–258, 2009.
TW95 R. Taylor and A. Wiles. Ring-theoretic properties of certain Hecke algebras. Ann. of Math. (2),
141(3):553–572, 1995.
TX16 Yichao Tian and Liang Xiao. p-adic cohomology and classicality of overconvergentHilbert modular
forms. Aste´risque, 2016.
69
Hirzebruch-Zagier classes and rational elliptic curves over quintic fields
Wes05 Tom Weston. Iwasawa invariants of Galois deformations. Manuscripta Math., 118(2):161–180,
2005.
Wil88 Andrew Wiles. On ordinary λ-adic representations associated to modular forms. Invent. Math.,
94(3):529–573, 1988.
Wil95 Andrew Wiles. Modular elliptic curves and Fermat’s last theorem. Ann. of Math. (2), 141(3):443–
551, 1995.
Zha01 Shouwu Zhang. Heights of Heegner points on Shimura curves. Ann. of Math. (2), 153(1):27–147,
2001.
Michele Fornea mfornea@princeton.edu
Princeton University, Princeton, USA.
Zhaorong Jin zhaorong@math.princeton.edu
Princeton University, Princeton, USA.
70
